Chapter 5

Power Series

5.1 Infinite Series of Complex Numbers

Definition 5.1.1

An infinite series

[ee]
Zak:Go+a1+a2+---—|—an+an+1+...
k=0

(with ay, € C) converges to S if the sequence of partial sums {5, }, given by
(o)
Sn:Zak:ao+a1+a2+-~-+an
k=0

converges to S.

e a, is an expression that gives the nth term in a sequence.

e S, is an expression that gives the sum of the first n terms.
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Example.
Consider
o0
>
k=0

for some z € C. We have that
Sp=14z+2"4 - +2,
Can we find a closed formula for S,,, to help us find the limit as n — 0o0?

Sp=1+z+z224 - +2"
28y =z4+22 4254+ + 2" thus

S, — 28, =1—z""t

Hence S, = 172‘"“, for z # 1, and since z"*! — 0 as n — oo as long as |z| < 1 we
1—2 g
have that
o0
S <
1-=2
k=0
Example.

What is i (%)n?
n=0

ic')n_ 11 3 3344  9+3i
3/ 1—% 334 (3-9)(34+4) 10
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Figure 5.1: Visualization of the convergence behavior of the partial sums of the geometric

10 10

plane, gxhibiting a spiraling path characteristic of complex geometric series with nonzero
real and imaginary parts.

oo . n
) 9 3
series Z (3) . The plot shows the sequence approaching the limit —+1—i in the complex
n=0

What happens for |z| > 17

Theorem 5.1.2

o0
If a series Z converges then ax — 0 as k — oo.
k=0

o0
In the previous example, if |2| > 1, then |2|¥ 4 0 as k — oo, thus sz does not

k=0
converge for |z| > 1. We say the series diverges for |z]| > 1
(o)
Let’s now analyze the real and imaginary parts of the equation sz =1 for |z] < 1:
—z
k=0
Let’s write z in polar form. Writing z = re? we have 2% = rFei* = r* cos (k) +

rFisin (k). Thus

o0

Z ZF = Z r* cos (kO) + i Z ¥ sin (k)
k=0 k=0 k=0

Furthermore,

1 1 1—re

1—z 1-—re? (1 —re?)(1 —re=)

1—17rcosf+irsinf 1—1rcosf+irsinf

C l—re ® —pei 402 1 —2rcosf+ 12
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Thus
> 1—rcosf > > rsin 6
k k
k) = ———— and kO) = _—
ZT cos (k) 1—2rcos6‘—|—r2an ZT sin (k6) Zl—QrcosQ—i—rQ
k=0 k=0 k=0
Example.
What i (f) ?
a 1s7; 5

Since || < 1, the formula we just found implies

/it 112 2(244) 442
Z(i) T1-—f 22 (2—9)(244) 5
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Figure 5.2: Visualization of the convergence behavior of the partial sums of the geometric

series -] .
> (3)
n=0



CHAPTER 5. POWER SERIES 67

Example.

o0 . .
n 442
We just saw that d zﬁ.Useittoﬁndl—%—F%—%—i—%—
2 5 2 2 2 2
n—>0

We know that if n is even (that is, n is of the form n = 2k), then i" = i?f = (—1)%;
if n is odd (that is, n is of the form n = 2k + 1), then i = i?**1 = j(—1)k.

Now,

4+22 i() _

k=

NE uMg

92k+1
k=0

Two complex numbers are equal if and only if their real and imaginary parts agree, so,
looking at the real parts of the above only, it follows that

oo
1 1 1 1
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Figure 5.3: Visualization of Real and Imaginary Parts of Partial Sums of the geometric

seri -] .
ries 3 (2>
n=0
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Example.
Consider ;? Does this series converge?
We note that ; %= ; z is the harmonic series, which is know to diverge. One
way to see this:
i1—1+1+ L Y Y i
k"2 \3 4 5 6 7 8 9 16
k=1 N ,
>1 >1 >1

But does the series itself (without the absolute values) converge?

Let’s split it up into the real and imaginary parts.

Note: When k is even (i.e k is of the form k = 2n, then i* = i®" = (—1)" is real.
When k is odd (i.e k is of the form k = 2n + 1), then ¥ = 2"*! = §(—1)" is purely

imaginary. Thus

x ik -2n 22n+1
i i i
Sy
k 2n 2n + 1
k=1 n=1 n=0
N G Vi N G O
T2 nz::l n i nzz:() 2n+1
is the alternating harmonic series, which converges.
But
(1) 11 1
=—1l4-—--+-—...
ngl n * 2 3 + 4

A similar argument leads to the imaginary part converging as well.

Partial Sum Value
34

Figure 5.4: Growth of Harmonic Series Partial Sums
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Figure 5.5: Real and Imaginary Parts of Partial Sums of Z
k=1
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Figure 5.6: ”Partial Sums of Z Z%in the Complex Plane
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Example.

oo 2 n

° Z (— fi) . Since ‘ - %z‘ < 1, the series converges.

3

n=0
oo

. Z(m)" Since |mi| = |w| > 1, the common ratio has modulus greater than 1, so
n=0

by the divergence criterion for geometric series, the series diverges.

o0

_ n
Z u is the alternating harmonic series and it therefore converges.
n

X mni

.Z%:

n=1
oo oo

. Z Zmrnd — Z (—1)* = Z(l)"7 clearly diverges since it fails the necessary con-
n=0 n=0

vergence criterion that the terms of the series have to go to zero.

> n
21 . .
. E —, this series converges.
n

n=1

Absolute Convergence

Definition 5.1.3

oo
A series E ay, converges absolutely if the series g |ak| converges.
k=0 k=0

Example.

o0
sz converges and converges absolutely for |z| < 1
k=0

Example.

ES

o0
i
ZZ converges, but not absolutely
k=1

Theorem 5.1.4

o0
<> laxl

k=0

oo
D ax

k=0

If Zak converges absolutely, then it also converges, and
k=0




