http://mww.mapleprimes.com/questions/149180-BUG-In-Numerical-Integration-With-Spherical Y's

> restart; interface(version);

Digits:=15;
{ Classic Worksheet Interface, Maple 17.00, Windows, Feb 21 2013, Build ID 813473
Digits:= 15
[ > [theta=0..Pi,phi=0..2*Pi];
[6=0.m@=0.2m]
C > #Digits:=3:
> chi:=Pi/2-theta;
Vsi:='-(1/sqrt( 1+epsilon - cos(chi)*cos(phi-Pi/3)) + 1/sqrt( 1 +epsilon- cos(chi)*cos(phi-Pi))+
1/sqrt(1+epsilon-cos(chi)*cos(phi+Pi/3)))";
Vsi:=%;
=T g
X= 2
. 1 1 1
Vs =~ - «/1 -
b1 +e-c [« -7 b1
\/1+s—cos(x)cos[(p—g] os(x) cos( ¢ ) \/1+e—cos(x)cos((p+g]
. 1 1 1
Vs i=- - -
) . s «/1+s+sin(9)cos((p) . 118
1+¢€-sin(B)sin| (p+g 1+¢€-sin(0) co (p+§
C>

Vsi

[ > eval(Vsi, epsilon = 10(-7));

% = evalc(Re(%)) assuming O<theta,theta<Pi,0<phi,ph i<2*Pi; is(%);
1 1 1
10000001 _ n 10000001 10000001 n
\/10000000 - sin(8)s n["” E) \/10000000 +sin(8) cos(@) \/10000000 ~sin(8) Co{q” 5]
1 1 1 B
10000001 _ n 10000001 10000001 n)
\/10000000 ~sin(®) S'n(q” E) W/looooooo +sin(8) cos(@) \/10000000 - sin(®) Co{q” 5)
1 1 1
\/ 10000001 ( EJ \/ 10000001 \/ 10000001 { g)
10000000 SM(8) SN @+ 10000000 * S"(8) cS(@) 10000000 SM(®) g @+
L true
[ > eval(Vsi, epsilon = 10"(-7));
evalc(Im(%)) assuming O<theta,theta<Pi,0<phi,phi<2* Pi;
1 1 1
10000001 _ n 10000001 10000001 n
\/10000000 - sin(8)s n["” E) \/10000000 +sin(8) cos(@) \/10000000 ~sin(8) Co{q” 5]
L 0
r > eval(Vsi, epsilon = 10°(-7));
[op(%)]; map(Im, %) assuming O<theta,theta<Pi,0<ph i,phi<2*Pi;
1 1 1
\/ 10000001 { g) \/ 10000001 \/ 10000001 O{ EJ
10000000 SM(O) SN @+ 10000000 * S"(8) COs(@) 10000000 S"(8) g @+
1 1 1
\/10000001 sn(e) sm(qﬁ gj ’ \/10000001 < $n(8) cox(0) ’ \/10000001 sn(e) Co{qﬁ gj
10000000 6 10000000 10000000 3
L [0,0,0]
> Q:=[1+epsilon-sin(theta)*sin(phi+1/6*Pi),1+epsilon+ sin(theta)*cos(phi),1+epsilon-sin(theta)*cos(phi
+1/3*Pi)];
EPS::rr)wlap(solve,O/o, epsilon);
plot3d(%, theta=0..Pi,phi=0..2*Pi, axes=boxed, orie ntation=[120,60]);

Q ::{l+ €—sin(0) sin[(p+g), 1+e+sin(0) cos(p), 1+e—-sin(B) cos((p+gﬂ

EPS:=[Sin(9) sin(cp%] ~1,-sin(8) cos(¢) — 1, sin(6) COS(““EJ B 1J
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<Pi,0<phi,phi<2*Pi;

[true, true, true]
,0<phi,phi<2*Pi, 0 <= epsilon;

[true, true, true]

[ > map('q ->is(q <=0)', EPS) assuming O<theta,theta

[ > map('q ->is(0<=q)', Q) assuming O<theta,theta<Pi

{ So we simply need 0 < epsilon

C >
C >

simplify integrand

[ > SP1:=SphericalY(3,-3,theta,phi)*conjugate(Spherical Y(0,0,theta,phi))*sin(theta);
SP1 := Spherica Y (3, -3, 8, @) (SphericalY (0, 0, 6, @)) sin(6)

r > Vsi*SP1;
convert(%, hypergeom);

_ 1 _ 1 _ 1
%1+s—sin(e)sin((p+gj «/1+s+sin(6)cos((p) N/1+s—sin(e)cos((p+g)

(SphericalY (0, 0, 6, @)) sin(6)

SphericaY(3, -3, 6, @)

1 1 1 (3/2)

1
“al” - = -
[ \/1+s—sin(e)sin[(p+g) «/l+s+sm(e)cos((p) \/1+s—sin(6)cos((p+gj

](005(9)—1)




hypergeom([-Bl,[ ]é—icos(e)j«/%sin(e)/(ne(SI(p)(cos(G)+1)(3/2))

> hypergeom([-3],[],1/2-1/2*cos(theta));
eq:= % = simplify(%);
11
hypergeom| [-3], [ ], 7 cos(8)

h €0 [[ 3], 1 L1 os(e)j 1+3 os(e)+3 05(9)2+l os(e)3
:= hypergeom| [-3],[ ], - —Z =—+_cC —cl —cl

4= yperg 2 2 8 8 8 8

> SP1;

convert(%, hypergeom);

eval(%, eq);

SphericalY (3, -3, 6, ¢) (Spherical Y (0, 0, 8, @)) sin(8)

1 (cos(0) — 1)(3/2) hypergeom[[—S],[ ]é—icos(e)j«/ 5040 sin(B)
24 T[e(3I (p)(cos(e)+1)(3/2)
. (cos(e)—1)(3/2)[g+gcos(6)+§cos(0)2+gcos(0)3)«/5040 sin(e)
"4 (319) (3/2)

L e ¢ (cos(B) +1)
[ > Vsi*SP1;

convert(%, hypergeom);

eval(%, eq);

_ 1 B 1 _ 1
\/1+s—sin(9)sin(cp+gJ «/1+s+sin(9)cos(cp) N/1+s—sin(9)cos((p+g)

(SphericalY (0, 0, 8, ¢)) sin(8)
1 [ 1 1 1 J (3/2)
(cos(0)-1)

“al” - _ _
4 \/1+s—sin(9)sin{(p+g) w/1+s+sm(9)cos((p) \/1+e—sin(e)cos(cp+gj

11 31 3/2
hypergeom[[-s],[ ],E—ECOS(G)J«/SMOsin(G)/(ne( (p)(cos(e)+1)( ))

1 1 _ 1 B 1 (cos(e)—l)(S/z)
24 i
\/l+e—sin(9)sin[(p+g) «/l+£+sm(9)cos(tp) \/l+s—sin(9)cos((p+gj

(§+gcos(6) +gcos(6)2+%cos(6)3]«/%sin(9) / (e P (cosg0) + 1) 2y

[ > (cos(theta)-1)*(3/2);

SphericaY (3, -3, 6, )

eq2:=% =evalc(%) assuming O<theta,theta<Pi,0<phi,p hi<2*Pi;
rhs(%): [Re(%), Im(%)] assuming O<theta,theta<Pi,0< phi,phi<2*Pi;
(3/2)
(cos(8) -1)
(3/2) (3/2)
eg2 :=(cos(0) - 1) =-1(1-cos(B))
(3/2)

L _ [0, =(1 - cos(6)) ]
> Vsi*SP1:

convert(%, hypergeom):

eval(%, eq):

eval(%, eq2);

Kc:=combine(%, power);

il _ 1 B 1 _ 1 (1—cos(9))(3/2)
2 .
4 \/1+e—sin(e)sin[cp+gj «/1+s+sm(0)cos((p) \/1+s—sin(9)cos((p+g)

@J,gcos(e)+gcos(e)2+%cos(e)3jmgn(e)/(ne(SI(p)(cos(e)u)(s/z))
1 1 B 1 . 1 (319) (3/2)
KC'_24|[ \/ . ( nj J1+€+sin(8) cos(¢) \/ _ { nj]e (1~ cos(6))
1+¢€-sin(B)sin| (p+g 1+¢€-sin(0) co (p+§

I (g+gcos(6) +gcos(6)2+%cos(6)3]«/5040 sin(8) / (m(cos(8) + 1)1 2y

>

C>

> K:=eval(Kc, epsilon = 10(-7));
1

K | 1 1 1 (-319)
=1 - - - e
24 10000001 ) m 10000001 10000001 m
———————sin(0)sin| @+ ——————+.sin(0) cos( ) ———————sin(B) cod o+
10000000 6 10000000 10000000 3

m




L (1-cos(0)) > 2 [%+gcos(6) +gcos(6)2 +§cos(6)3j«/5040 sin(8) / (m(cos(8) + 1) 2y

_C>
m > Ke: '%'=%:
1 1 1

KC=§| - _/\/ (0 -
+e+
\/1+s—sin(e)sin((p+gj 1+e+sin(8) cos(@) \/1+e—sin(9)co{(p+g

(;+§cos(6) +gcos(6)2+%cos(6)3]«/5040 sin(8) / (n(cos(8) +1)"°' 2y

(3/2)

j]e(-sup)(l—cos(e))

8 8
r > 'Int(Vsi*(SP1), [theta=0..Pi,phi=0..2*Pi])' = "Int( Kc, [theta=0..Pi,phi=0..2*Pi])";
2T .11 271 1
J jVsiSP1d9dtp=j chdedtp
0 O 0 O

ﬂ real and imaginary part
[ > (1-cos(theta))”(3/2)*1/(cos(theta)+1)"(3/2);

evalc(Im(%)) assuming O<theta,theta<Pi,0<phi,phi<2 *Pi;
(3/2)
(1-cos(8))  °
(3/2)
(cos(6) +1)
L 0
> 1/8+3/8*cos(theta)+3/8*cos(theta)"2+1/8*cos(theta)® 3;
evalc(Im(%)) assuming O<theta,theta<Pi,0<phi,phi<2 *Pi;

#plot(%%, theta=0 .. Pi);

l+3 9+3 92+l e3
—+—c ~ CO! — COo!
5+ c0s(8) + 2 cos(0)” + £ cos(0)

L 0
r > exp(-3*I*phi);
%=evalc(%);
(-319)
e
L e('gl(p):cos(scp)—sm(scp)l

> Kr:=subs(exp(-3*I*phi)=-sin(3*phi)*I, Kc);
Ki:=subs(exp(-3*I*phi)=cos(3*phi), Kc)/I;

1 1 1 1 ) (3/2)
Kr:=24[— an(S(p)(l—cos(e))

\/l+£—sin(9)sin{(p+g) «/1+s+5in(9)cos((p) \/1+e—sin(6)cos((p+gJ

(§+gcos(9) +gcos(9)2+%cos(9)3j«/ 5040 sin(9) / (1t (cos(0) + 1)(3/ 2))

1 1 1

Ki ::i - _,\/ in(6 -
+e+
\/1”‘5‘"(9)5‘”(‘”*%] 1+e+sin(8) co(@) \/1+e—sin(9)co{q)+gj

I (g+gcos(6) +gcos(6)2+%cos(6)3]«/5040 sin(8) / (n(cos(8) +1)"°>' 2y

C>
> # do a simple check for typos/errors before proceed ing:

(3/2)

]005(3@(1—005(9))

eval(Kr, epsilon = 1le-7);
Int(%, [theta=0..Pi,phi=0..2*Pi], method = _cuhre, digits = 7): evalf(%);

eval(Ki, epsilon = 1e-7);
Int(%, [theta=0..Pi,phi=0..2*Pi], method = _cuhre, digits = 9): evalf(%);

1 1 1 1 _
o - - sin(3 )
24 _ _ m)  +/1.0000001 + sin(8) cos( ) _ n
1.0000001 - sin(8) sin| ¢+ 1.0000001 - sin(8) cog ¢+

(1—cos(e))(3/2)[§+§cos<e) +§cos(e)2+§cos(e)3jmsm(e) / (neoste)+ 1))

-0.2010545 104

1 1 1 1 S(30)
=|_ - - CO!
24 o m)  4/1.0000001 + sin(8) cos(¢) _ n
1.0000001 - sin(0) sin| @+ g 1.0000001 - sin(0) cog @+ g

(o) [2+ cox0) 2 o) + L coster® | fs0a0 snce) / (m(easte) +1)*' )

L 0.895019433




| =l reduce the task by symmetries, show that real part evaluates to 0

phi

r > RK:=Re(K) assuming O<theta,theta<Pi,0<phi,phi<2*Pi;
% = eval(%, phi = phi + 2*Pi/3); is(%);

> Re(K): plot3d(%, theta=0..Pi,phi=0..2*Pi, axes=boxe d, orientation=[20,80]);

1 1 1 1 1
RK :=-|— +— +—
[24 10000001 . 0) s ( . nj 24 10000001+ in(8) cos(0) 24
—an sin - an CO:
10000000 **e 10000000 ¢
(3/2)[; . 3 3 2

(1-coy(6)) s's 8

10000001
10000000

§+* os(0 +§cos(9)2+§cos(9)3j«/5040 sin(e)sin(S(p)/(n(cos(e)+l)
1 1 1

1 1 L1 1 L1

24 /10000001 . m) 24 /10000001 24 /10000001
———————sin(0) sinl o+ ——————+.sin(0) cos( ) — -
10000000 6 10000000 10000000

(3/2),

](1—605(9))

1
24
1

—+
8

true

(
|
B

'% = eval(%, phi = phi + 2*Pi/3)"; is(%);

2 cox6)
C
8
1
+— +—

10000001 . . m) 24 /10000001 24 /10000001

——————sin(0) sin| @+ — —————+.sin(0) cos( ) _—

10000000 6 10000000 10000000
3 3 1 3/2
S co%() +§cos(9)2 +§cos(9)3j /5040 sin(8) sin(3 @) / (m(cos(8) + 1)1 2y

1
e
sm()co(p3

1
in(0 s(+£)
sin(0) cog @ 3

cos(8) += cos(8) +§C°S(e)3)«/%sin(e)sin(3(p)/(n(cos(e)+1)(3/2))

1
in(0 s(+E)
sin(@) cog @ 3

](1-003(9))

(3/2)

(3/2)



Kr =Kr ) +ﬂ
=0 3

true

S plot3d(RK, theta=0..Pi,phi=0..2*Pi/3, axes=boxed, o rientation=[-10,80]);
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> ‘eval( RK, phi = 2*Pi/3 / 2 -t)+ eval( RK, phi = 2* Pi/3 /2 +1)";
%;
RK +RK
=Tt =Tt
*73 *73
L 0
r > ‘eval( Kr, phi = 2*Pi/3 / 2 -t)+ eval( Kr, phi = 2* Pi/3 /2 +1)";
%;
Kr + Kr
=Tt =Tt
*73 *73
L 0
Hence integral RK w.r.t. phi over 0 .. 2*Pi/ 3 is zero.
>
r > IK:=Im(K) assuming O<theta,theta<Pi,0<phi,phi<2*Pi;
plot3d(%, theta=0..Pi,phi=0..2*Pi, axes=boxed, orie ntation=[20,80]);
o[- L 1 1 1 1 1
' 24 /10000001 . m) 24 /10000001 24 /10000001 T
——————sin(0) sin @+ ——————+.sin(0) cos( ) ——————sin(6) cog ¢+
10000000 6 10000000 10000000 3

|



(1-cos(0)) > 2 [é+§cos(9) +§cos(9)2 +§cos(9)3)«/5040 sin(8) cos(3 @) / (m(cos(8) + 1)1 2y

350
300;
2501
200

150

100

504

- > |K;
% = eval(%, phi= phi + 2*Pil3); is(%);

— L L 1 1 (312)
I ) (1- cos(0))
[ \/10000001 6 ( . nj 24 \/ 10000001 24 \/ 10000001 { : n)j
10000000 ~ SOV S @+ 10000000 * S"(®) €0(®) 10000000 S"(®) 4 ** 5
(;+§cos(9)+*cos(9)2+§cos(9)3j«/%sin(6)cos(3(p)/(n(cos(e)+1)(3/2))
! L 1 1 (3/2)
"2 2 (1- cox(8))
{2 \/10000001' o (*Ej 24\/M+. o 24¢M-' ] 5(+an
10000000 ~ (&) SN @ 10000000 * () 0(@) 0000000~ SN(8) 008 9+
3 3) feono o (3/2)
( 8cos(9)+§cos(9) +§cos(9)J 5040 Sln(G)COS(3(p)/(n(C09(e)+1) )=
1 1 1 1 1 1 (3/2)
2 24 s (1- cos(8))
[ 4#0000001-- sl o+ ) 2“¢M+- 0 24%%_. . {”)]
10000000~ 3OS @7 10000000 * 3"(%) (@) 10000000~ (%) {9+
(:{; gcos(e)+gcos(9)2+$cos(9)3j«/%sin(6)cos(3(p)/(n(cos(e)+1)(3/2))

L true
r > 'Ki:
'% = eval(%, phi = phi + 2*Pi/3)"; is(%);




Ki =Ki

=0+

true

boxed);

0..2*Pi/3, axes=

[ > plot3d(IK, theta=0..Pi,phi

(RS EAHANAK

*Pif3 2 +1);

=2

2*Pi/3 ] 2 -t) - eval( IK, phi

r > ‘'eval( IK, phi

™

*Pif3 2 +1);

™

%;

=2

2*Pi/3 [ 2 -t) - eval( Ki, phi

r > 'eval( Ki, phi

%;

> |K;

rationalize(%): #simplify(%); #int(%, phi):
6*Int(%, [theta=0..Pi,phi

1

9): evalf(%);

uhre, digits

_C

0..2*Pi/3/2], method =

(3/2)

](1—605(9))
n
g

—-sin(B) cos((p+

)

10000001
10000000

1
24\/
+sin(0) cos()

05(9)3]«/ 5040 sin(8) cos(3 ¢) / (T(cos(8) +1)

10000001
10000000

) ™

n
6

—sin(9)sin[(p+

10000001
10000000

"

[_

(3/2)

2 1
cos(0) +§c

3
8

o* 5 0(®)




0.895019436

L

boxed

0..2*Pi/3/2, axes=

[ > plot3d(IK, theta=0..Pi,phi

> ‘eval(IK, theta= Pi/2 - t) - eval(IK, theta= Pi/2 +

#% assuming O<theta,theta<Pi,0<phi,phi<2*Pi;

=[120,60]);;

rientation

=0..Pi/2,phi=0..2*Pi/3/2, axes=boxed, o

plot3d(%, t




i gt
vy
<7 LR
o

r > ‘eval(Ki, theta= Pi/2 - t) - eval(Ki, theta= Pi/2 + 1)
simplify(%) assuming O<theta,theta<Pi,0<phi,phi<2*P i;

C >

compute up to 12 decimals

r > IK;
rationalize(%): #simplify(%); #int(%, phi):
2*6*Int(%, [theta=0..Pi/2,phi=0..2*Pi/3/2], method = _cuhre, digits = 9): evalf(%);
1 1 1 1 1 1 (3/2)
- - - (1-cos(6))
24 /10000001 ] m) 24 /10000001 24 /10000001 m
———————sin(0) sinl @+ ——————+.sin(0) cos( @) ———————sin(0) cog o+
10000000 6 10000000 10000000 3
1 3 3 1 3/2
[§+§cos(9) +§cos(9)2+§cos(9)gjq/5040 sin(8) cos(3 @) / (m(oos(8) + 1) 2y
L 0.8950194336
> 'Ki'; rationalize(%):
Q:=simplify(%, size) assuming O<theta,theta<Pi/2,0< phi,phi<2*Pi/3, O<epsilon;
#combine(%, power) assuming O<theta,theta<Pi/2,0<p hi,phi<2*Pi/3, 0<epsilon;
Ki




Q:z_icos(scp)«/%sin(e)(cos(eﬁl) (

(«/1+E+sm(6)cos((p +\/1+e sm(e)sm[cwg J\/1+E—sin(9)cos((p+gj
(3/2) ) i
\/1+s sm(e)sm[(p+ 6) 1+e€+sin(B) cos(@) j(l—cos(e)) / (\/1+e—sm(9) cos[(p+§)

\/1+s—sin(9)sin((p+gj 4/1+¢€+sin(B) cos(@ T[]

r > eval(Q,epsilon=1e-7);
2*6*Int(%, [theta=0..Pi/2, phi=0..2*Pi/3/2], method = _cuhre, digits = 12);

evalf(%)'
E cos( 3 @) 4/ 5040 sin(B) (cos(0) +1)
(«/ 1.0000001 + sin(6) cos(®) + \/1.0000001 -sin(B)s n{(p+ g) ) \/1.0000001 -sin(0) COS((p+ gj

\/10000001 sm(B)Sln[(p+ )¢10000001+sm(e)cos(cp)j(1 cos(e))( /2)/(\/1.0000001—sin(9)cos((p+;[)

\/1 0000001 - sin(B) sm((p+ j «/1 0000001 + sin(©) cos(®) T[]

12|nt(—§12cos(3cp)«/5040 sin(G)(cos(9)+l)(3 2)(
(«/ 1.0000001 + sin(8) cos( ) +\/ 1.0000001 - sin(8) sin[(p+g)j\/ 1.0000001 - sin() Cos((p+gj
\/10000001 sm(G)sm{qH )«/10000001+sm(6)cos((p))(1 cos(G))( /2)/(\/1.0000001—sin(6)cos{(p+2)

b b .
—,9=0.. *J, method = _cuhre, digits = 12J

(3/2)(

\/1.0000001 —sin(8) sin[(p+ gj 1/ 1.0000001 + sin(8) cos(¢p) nJ, [e =

L 0.8950194330360
_C>
C>
improve
> 'Vsi'; %; eval(%, epsilon = 107(-7)):
plot3d(%, theta=0..Pi/2,phi=0..2*Pi/3/2, axes=boxe d, orientation=[120,60]);
Vsi: eval(%, epsilon = 107(-7)):
plot3d(%, theta=0..Pi/2 - 1e-1,phi=0..2*Pi/3/2 - 1e -1, axes=boxed, orientation=[120,60]);
Vsi
1 1 1

\/1+E_Sin(e)5in((p+gj «/1+e+sin(9)cos((p) \/1+e—sin(9)cos[(p+§)




theta



c >
> Vsi; [op(%)];

subs(theta=Pi/2, %): subs(phi=Pi/3, %): simplify(%) ; eval(%, epsilon = 1le-7);
1 _ 1 _ 1
1+¢e-sin(0)sin (p+g «/l+s+sin(6)cos((p) 1+¢e-sin(0) co (p+g
1 _ 1 _ 1
1+¢g-sin(0)sin (p+§ ’ «/1+s+sin(e)cos(cp)’ 1+¢€-sin(0) co (p+g

1 2 2
e erae Jfe+ae

L [-3162.27766016838, -0.816496553711176, -0.816496553711176]

So care for the "numerical singularity"
r > Vs, V2, V3:= op(Vsi);

'Vsi = Vs + (V2+V3)'; is(%);
1 1 1

Vs, V2,V3:=— = =
(. m) y1+e+sin(8)cos(e) . m
1+e-sin(0)sin (p+g 1+¢€-sin(B) co: (p+§
Vsi=Vs+V2+V3
L true




r > 'V2+V3'; eval(%, epsilon = 107(-7));
plot3d(%, theta=0..Pi/2,phi=0..2*Pi/3/2, axes=boxe d, orientation=[120,60]);
V2+V3
1 1

10000001+ 00 10000001 . 0 { . nj
[n CO: = Sin CO: -
10000000 * S"(®) (@) 10000000 _ S1(8) 0% @+

N

o =

S

S

\\\\\\\\\Q’Q\\Wn
S

R R
TR
=

theta

r > # this uses 15 Digits !

Ki/Vsi* (V2+V3);

eval(%,epsilon=1e-7);

2*6*Int(%, [theta=0..Pi/2, phi=0..2*Pi/3/2]); #, me thod = _cuhre, digits = 12);
regularPart:=evalf(%);

2*14cos(3 ®)(1- Cos(e))(SI 2) (é+gcos(e) +gcos(9)2 +§Cos(e)3)«/ 5040 sin(0)
1 1

J1+s+§n(9)cos(@) \/1+g—sin(9)00{“’+g)

2*14005(3 ) (1-cos(0)) >’ 2 [é+gcos(9) +§cos(9)2 +§cos(6)3j«/5040 sin(@)

(3/2)
/ (nieose) + 1))

1 1

/10000001 + sn(8) cos() \/ 1,0000001 - sin(8) Co{(p+ E)
' 3

(312)
/ (mios®) + 1))




WA
N A

12 zi4cos(3 9 (1- COS(G))(3/ K [é%cos(e) +gcos(6)2 +§COS(G)BJM§“(G)

o
o

1 1
" /1.0000001 + sin(8) cos(@) \/

/ (3/2)
(Tt(cos(0) +1) ) dé do

Tt
1.0000001 - sin(0) CO{(P"’ g)

regularPart := -0.0707862141257640
C>

now the remaining part, Vs

[ > assume (0 < epsilon); getassumptions(epsilon);
{ &::RealRange( Open(0), )}

r > #Ki/Vsi*
Vs; eval(%, epsilon = 107(-7));
plot3d(%, theta=0..Pi/2 - 1e-1,phi=0..2*Pi/3/2 - 1e -1, axes=boxed, orientation=[120,60]);
1
. . n
\/1+a—sm(e)sm[(p+gJ
1

10000001 . . s
———————sin(0)sin o+
10000000 6
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theta
> #KilVsi*
#Vs; #combine(%); simplify(%, size);
‘Int(Ki/Vsi * Vs, phi = 0 .. 1/3*Pi)'; value(%) ass uming O<theta, theta < Pi/2:

convert(%, hypergeom):

#simplify(%, size) assuming O<theta, theta < Pi/2;

collect(%,[Elliptick, EllipticF, EllipticK, hyperge om]):
simplify(%, size) assuming O<theta, theta < Pi/2:

#Tryhard(%);

#combine(%) assuming O<theta, theta < Pi/2;

#collect(%, EllipticE);

U:=%;

wlA

Ki Vs
Vsi

do
0

U ::é«/%(z (£+1) (cos(8) - 1) (cos(8) +1) (—gsin(e)z +(e+ 1)2j E||ipticF{§,ﬁ

sin(0) J
e+1+sin(0)
sin(8) j

€+1+sin(0)

— 2 (cos(8) - 1) (cos(8) + 1) (e + 1 +sin(6)) [—%sin(e)z e+ 1)2) E||ipticE(§, |2

-(e+1 S(0) -1 S(0) +1 [_E in(6)>+ +l2)nh [[11} 1 ﬂ)
(+1) (cos(8) = 1) (cos(6) +1) 325m( ) r(e+l) Ypergeom 2'2 3! ]'s+1+siﬂ(e)
ﬂ)

9 11
+(cos(8) - 1) (cos(8) + 1) (¢ + 1+ sin(8)) (—isin(e)z r(e+ 1)2) nhypergeom([— } (U 53 T v an8)

2'2



—;lle+1+sjn(e) J12+12¢-65sn(8) sin(9)3[5+gsin(9)+1)}/1—005(0) Jcos(8) + 1 / (Je+1+sin(8) Ttsin(8)?)

Astonishing: a symbolic answer

> ‘eval(U, epsilon=1e-7)"
plot(%, theta = 0 .. Pi/2);

eval(U, theta=Pi/2): eval(%, epsilon=1e-7): evalf(% );
U 6
£=0.110
1 -
0.8
0.6
0.4
0.2
0 0.2 0.4 0.6 038 1 12 14
theta
1.13083845318858

r > 'eval(U, epsilon=1e-7)}

12* # we need 12 times by the range reduction in th e above
Int(%, theta = 0 .. Pi/2, method = _d01ajc);

singularPart:=evalf(%);

U

£=0110°

2 _ 62 ) . .,{w | sin(e) ]
12|m[15«/35 [2.0000002(009(0) 1)(cos(9)+1)[ 5 SN(8)” + 1.00000020000001 | EllipticF; = A2 10000001 + Sn(0)
- - - 9 a2 (43 sin(0) J
2 (cos() 1)(cos(9)+1)(1.0000001+sm(6)){ 5 Sn(®) +1.oooooozooooom) EmpncE(fz ,«/2A/—1_0000001+Sm(e)

7 9 11 25sin(8)
- 1.0000001 (cos(8) —1) (cos(B) + 1) —i sin(6)~ + 1.00000020000001 | 1T hypergeom E,E ,[1], m




m m m

VvV Vv

A\

+(cos(8) — 1) (cos(8) + 1) (1.0000001 + sin(8)) [— % sin(8)%+ 1.00000020000001) nhypergeom[[

Tt
sin(8)%),0=0.. 2 method =_d01ac)

>
>
>

Mmoo

regularPart + singularPart;

# does not work:

#1nt(Ki/Vsi * (V2+V3), phi =0 .. 1/3*Pi)"
#value(%) assuming O<theta, theta < Pi/2;
# lost patients:

#Int(Ki/Vsi * (V2+V3), theta = 0 .. Pi/2)’;
#value(%) assuming O<phi, phi < Pi/3;

singularPart := 0.965805647166259

0.895019433040495

11

2'2

} (1]

2sn(0)

’ 1,0000001 + sin(8)

)

—%Jl.ooooom +5sin(8) 4/12.0000012 - 6 sin(8) sin(9)3[1.0000001 +§sin(9)))w/l — cos(8) +/cos(8) + 1 / (4/1.0000001 + sin(8) Tt



