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THE STONE.WETERSTRASS THEOREM

] i AR AU
‘sequence of polynomials P, such that

& Jim P.) =1

uniformly on (0, b} 1115 roal, the P, may he taken roal.

“This is the form in which the theorem was originally discovered by
Weierstrass.

Proof We may assume, without loss of generality, that [, 8] = [, 1]
We may also assume that /(0) /(1) = 0. For if the theorem i proved
for this cas, consider
00 =1() ~fO =) —fO)  O<x5D.

Here g(0) =g(1) = 0, andif g can be ot as the limit of a uniformly
wonvergent sequence of polynomials, it is clear that the saue is tue for /,
since [~ g is a polynomial.

Furthermore, we define /() to be zer for x ouside [0, 11, Then
s uiformiy continuous on the whol line.

We pat

@ Qw=all-Xr (=123
‘where c, is chosen so that

@) ' ewa=1 w=12,

We need some informatian about the order of magnitude of c,. Since

' -wra=2fa-eracee "o - rra
L L i)

it follows from (45) that
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“The inequality (1~ ¥ 21’ which we used above is casily
shown to be true by considering the function

A= =1 4nd

‘which is 2870 at x = 0 and whose derivative is positve i (0, 1).
For any 5> 0, (49) implies
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@ e /ra-sr Gz,
40 that 0,0 uniformly in 5 < [¢] <1
Now st
a o1 pw=]' fernomd ©sxs.

Oue assumprions about £ show, by . simpl change of variabs, that
#lo) = j_’:‘/(x QU= j':/mg.u -9,
and the last integral is clearly a polynomial in x. Thus {P,} is a sequence

of polynomials, which are real i/ is real.
Given & >0, we choose 8 > 0 such that |y — x| <4 implies
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176) -7 <5

Let M= sup [/(9)]. Using (49), (50), and the fact that 0,() 20, we
scethat for 0 S x <1,

ey =101 = [ e+ = reonguo
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for all large enaugh n, which proves the thearem.

I insructive (o sketch the graphs of O, for a few valucs of m; also,
ol A Kbt ol ot ke et
).
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