
Estimating parameters for Garch(1,1) using the Optimization package

AVt, Sep 2004
> restart; kernelopts(version); Digits:=14;

Maple 9.51, IBM INTEL NT, Aug 9 2004 Build ID 163356

 := Digits 14

Given a time series x one wants to model its conditional variance according
to the following model which is Garch(1,1):

> #assume(0 <= a0): assume(0 <= a1):assume(0 <= b1): additionally(a1+b1 < 1); 
h(n+1) = a0 + a1*x(n)^2 + b1*h(n); 
h(1) = a0/(1-a1-b1); # =h1 
``; 
epsilon(n) = x(n)/sqrt(h(n)); 
epsilon = N(0,1), iid;
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To estimate the parameters a0, a1, b1 one has to maximize the maximum Likelihood LME

> LME = - 1/2*(N*ln(2*Pi) + Sum(ln(h(i)),i=1..N) + Su m(x(i)^2/h(i),i=1..N) );
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Then ( )h n  is the conditional variance.   

A typical application is to estimate a (varying) variance (or better: volatility) for
stock prices. 

Here the data series x are the logarithmic returns (which are almost normal
distributed, but not really) and one wants to have the annualized volatility as

  = volatility variance 252   (the usual year has about 252 trading days)
 

some Data: DAX closings
DAX closings from Thursday 30. Dec 1999 to Friday 17. Sep 2004

> #currentdir(): dataFile:=cat(%,`\\closings.txt`); 
#fd := fopen(dataFile,READ,TEXT): 
#InData:=readdata(fd, 1): 
#fclose(fd): 
#Closings:=InData:

> Closings:=[ 
6958.14, 6750.76, 6586.95, 6502.07, 6474.92, 6780.9 6, 6925.52, 6891.25, 
6912.81, 6955.98, 7173.22, 7258.90, 7072.12, 7091.0 4, 7112.66, 6992.75, 
6931.99, 6809.64, 6969.37, 7126.13, 7066.60, 6835.6 0, 7050.46, 7171.95, 
7354.26, 7444.61, 7296.32, 7549.88, 7629.11, 7709.2 7, 7611.55, 7644.80, 
7396.13, 7490.32, 7580.53, 7573.78, 7590.53, 7607.9 4, 7698.97, 7640.53, 
7738.68, 7587.13, 7644.55, 7727.93, 7945.77, 7960.0 3, 7975.78, 8064.97, 
7987.00, 7949.15, 7975.95, 7693.85, 7650.05, 7414.4 6, 7583.96, 7710.92, 



7872.38, 7807.93, 7798.62, 7694.78, 7932.42, 7892.4 9, 7931.93, 7864.76, 
7644.89, 7599.39, 7429.22, 7522.80, 7330.77, 7446.2 1, 7522.20, 7516.95, 
7442.66, 7443.07, 7449.06, 7214.83, 7187.14, 7196.4 9, 7216.71, 7157.95, 
7280.51, 7388.55, 7221.74, 7414.68, 7555.92, 7376.9 3, 7386.71, 7530.82, 
7408.09, 7280.54, 7120.86, 7259.48, 7269.28, 7195.1 5, 7371.06, 7211.51, 
7181.58, 6989.03, 6912.96, 6927.69, 6834.88, 6978.8 7, 6938.33, 7016.66, 
7119.26, 7109.67, 7272.76, 7438.95, 7408.02, 7359.8 0, 7292.98, 7243.13, 
7254.53, 7235.64, 7268.91, 7350.94, 7328.62, 7131.4 0, 7198.80, 7227.27, 
7100.09, 7053.67, 6980.41, 7027.19, 7048.96, 7056.0 5, 6874.54, 6898.21, 
6958.96, 6944.36, 6961.73, 6951.09, 7052.22, 7070.8 2, 7003.98, 7065.97, 
7195.99, 7318.38, 7430.70, 7406.91, 7366.57, 7480.1 4, 7373.26, 7328.31, 
7329.04, 7302.12, 7183.44, 7128.30, 7190.37, 7145.5 3, 7112.45, 7037.91, 
7016.59, 7113.22, 7123.81, 7226.71, 7280.97, 7322.9 8, 7331.67, 7307.43, 
7315.27, 7278.43, 7232.42, 7199.34, 7249.20, 7232.7 8, 7230.26, 7307.17, 
7339.22, 7294.40, 7185.56, 7216.45, 7344.67, 7445.5 6, 7395.07, 7333.02, 
7373.34, 7267.77, 7214.45, 7135.75, 7006.26, 7048.5 0, 6999.54, 6891.69, 
6937.74, 6765.23, 6682.92, 6740.25, 6788.69, 6765.0 4, 6814.06, 6832.76, 
6798.12, 6862.26, 6823.43, 6892.49, 6776.39, 6680.7 8, 6673.15, 6561.63, 
6465.26, 6661.30, 6627.25, 6531.71, 6483.00, 6619.4 3, 6618.43, 6620.87, 
6802.81, 6748.22, 6767.90, 6924.68, 6926.57, 7077.4 4, 7059.07, 7088.64, 
7128.27, 7136.30, 7076.28, 7008.64, 6959.50, 6851.6 9, 6742.10, 6966.65, 
6961.09, 6842.11, 6752.29, 6609.48, 6678.07, 6510.5 4, 6601.00, 6664.18, 
6696.91, 6625.56, 6598.32, 6372.33, 6512.91, 6408.1 0, 6637.09, 6622.25, 
6566.08, 6691.25, 6782.52, 6733.59, 6620.21, 6469.9 5, 6331.30, 6390.25, 
6479.28, 6248.76, 6200.71, 6251.40, 6328.16, 6371.6 4, 6433.61, 6289.82, 
6434.96, 6376.54, 6382.31, 6392.17, 6404.52, 6320.0 7, 6465.21, 6490.03, 
6522.87, 6502.89, 6653.38, 6635.76, 6651.53, 6675.0 0, 6722.41, 6706.67, 
6727.49, 6695.20, 6750.96, 6739.30, 6795.14, 6704.6 8, 6638.20, 6628.07, 
6693.03, 6578.96, 6636.81, 6497.07, 6564.91, 6557.9 3, 6479.87, 6591.67, 
6439.26, 6472.21, 6451.57, 6347.99, 6277.99, 6075.3 4, 6189.07, 6220.48, 
6208.24, 6123.38, 6159.02, 6216.38, 6284.06, 6305.6 4, 6267.06, 6204.42, 
6046.56, 5962.93, 5794.12, 5889.95, 5734.49, 5657.2 9, 5782.16, 5622.09, 
5388.02, 5544.67, 5726.97, 5938.21, 5817.52, 5879.3 0, 5829.95, 5760.76, 
5553.46, 5597.66, 5773.34, 5698.88, 5781.01, 5913.8 4, 5951.16, 6002.30, 
5935.58, 6164.88, 6181.91, 6127.97, 6051.48, 6124.5 7, 6115.19, 6123.66, 
6175.24, 6264.51, 6213.84, 6089.17, 6138.28, 6122.6 2, 6108.72, 6063.94, 
6165.18, 6141.02, 6064.68, 6070.38, 6148.44, 6173.8 1, 6186.87, 6249.87, 
6270.59, 6215.25, 6278.90, 6223.57, 6216.83, 6120.3 3, 6041.22, 6123.26, 
6125.17, 6177.74, 6242.13, 6192.44, 6184.25, 6187.2 1, 6162.74, 6059.15, 
6111.94, 6031.27, 5915.18, 5869.04, 5922.53, 5876.0 4, 5926.38, 5941.77, 
5902.32, 5847.79, 5833.10, 5971.77, 6058.38, 6109.5 0, 6056.84, 6015.72, 
5999.19, 5862.10, 5869.86, 5816.32, 5801.80, 5889.8 8, 5928.01, 5853.76, 
5846.66, 5728.37, 5829.69, 5764.06, 5791.73, 5663.2 6, 5582.76, 5675.76, 
5754.86, 5792.19, 5861.19, 5835.23, 5777.28, 5735.8 8, 5746.04, 5752.51, 
5614.51, 5512.28, 5433.49, 5453.77, 5520.71, 5455.4 4, 5361.92, 5222.12, 
5207.83, 5216.11, 5220.21, 5254.04, 5387.50, 5406.4 7, 5308.78, 5305.00, 
5162.40, 5188.17, 5094.10, 5208.10, 5048.08, 4875.3 7, 4730.67, 4670.13, 
4273.53, 4335.20, 4392.40, 4115.98, 4234.55, 4194.8 5, 4041.80, 3809.67, 
3787.23, 4038.69, 4009.12, 4095.32, 4184.50, 4308.1 5, 4239.97, 4304.20, 
4436.66, 4548.13, 4487.69, 4495.15, 4472.42, 4613.1 9, 4718.46, 4625.13, 
4548.48, 4626.48, 4644.82, 4574.37, 4513.53, 4619.3 2, 4704.22, 4811.82, 
4715.60, 4820.26, 4660.35, 4543.98, 4559.13, 4636.1 3, 4583.31, 4755.11, 
4707.65, 4860.66, 4993.57, 4910.07, 4820.37, 4946.9 7, 4953.53, 5006.33, 
5062.64, 5185.10, 5096.18, 5087.03, 5124.54, 5150.9 7, 5114.12, 5059.57, 
4915.95, 4936.08, 4989.91, 4988.44, 5013.99, 5262.7 5, 5271.29, 5199.03, 
5124.68, 5146.45, 5062.56, 4966.05, 4909.42, 5067.9 9, 5039.64, 4984.69, 
4934.14, 5019.01, 5117.13, 5160.10, 5167.88, 5270.2 9, 5318.73, 5232.22, 
5236.37, 5288.21, 5228.11, 5209.97, 5065.84, 5062.0 4, 4984.20, 5133.40, 
5122.23, 5069.74, 5045.72, 5163.03, 5170.44, 5156.6 3, 5159.02, 5084.52, 
5052.20, 5107.61, 5097.06, 4984.48, 4936.75, 4804.4 1, 4862.62, 4835.95, 
4940.00, 4884.78, 4935.35, 4973.77, 4862.60, 4871.7 6, 4764.05, 4780.24, 
4850.73, 4745.58, 4863.54, 4897.75, 4960.22, 5039.0 8, 5097.41, 5245.84, 
5228.67, 5285.26, 5289.43, 5359.55, 5340.67, 5275.8 1, 5245.99, 5276.87, 
5401.11, 5426.04, 5462.55, 5364.70, 5348.68, 5366.1 3, 5317.38, 5390.59, 



5348.00, 5397.29, 5311.08, 5281.84, 5254.95, 5260.5 3, 5180.33, 5170.25, 
5265.36, 5162.96, 5189.65, 5244.20, 5343.88, 5318.5 5, 5262.88, 5284.55, 
5205.48, 5192.10, 5160.14, 5054.41, 5000.38, 5008.0 4, 5041.20, 4964.56, 
4882.77, 4880.67, 4872.41, 5028.59, 4966.48, 4871.7 0, 4975.48, 5049.08, 
5072.39, 5047.45, 5036.41, 4998.99, 4984.61, 4919.5 0, 4879.50, 4899.13, 
4961.54, 4918.58, 4881.80, 4761.96, 4818.30, 4747.9 5, 4625.79, 4624.31, 
4657.52, 4610.18, 4589.26, 4606.09, 4510.19, 4470.1 4, 4303.85, 4475.10, 
4433.85, 4354.82, 4245.68, 4232.40, 4127.21, 4202.9 7, 4099.05, 4259.43, 
4382.56, 4366.81, 4195.95, 4138.15, 4258.62, 4483.0 3, 4442.33, 4369.76, 
4190.22, 4118.50, 4130.80, 3912.51, 3977.75, 4092.8 2, 4100.75, 3891.88, 
3691.43, 3515.83, 3632.66, 3520.46, 3579.00, 3859.7 8, 3878.94, 3700.14, 
3606.45, 3512.44, 3332.65, 3568.64, 3465.54, 3679.2 6, 3760.86, 3647.13, 
3683.21, 3589.92, 3665.74, 3684.69, 3837.67, 3768.5 1, 3868.17, 3906.55, 
3828.26, 3783.84, 3851.24, 3682.84, 3660.95, 3712.9 4, 3609.41, 3398.99, 
3425.90, 3354.71, 3485.68, 3429.22, 3494.69, 3584.6 9, 3421.87, 3361.28, 
3319.05, 3289.13, 3124.92, 3007.47, 3065.73, 2914.2 5, 2873.21, 2962.50, 
3020.60, 2918.90, 2769.03, 2865.23, 2926.74, 2813.3 0, 2714.62, 2667.39, 
2622.09, 2597.88, 2733.19, 2930.74, 2850.11, 3048.2 7, 3008.93, 3172.46, 
3163.67, 3282.67, 3155.97, 3015.42, 3090.01, 3102.0 1, 3198.96, 3022.01, 
3113.59, 3152.85, 3165.16, 3327.94, 3351.32, 3298.8 4, 3155.66, 3079.10, 
3042.06, 3115.88, 3066.42, 3188.39, 3191.76, 3218.3 6, 3206.93, 3212.99, 
3304.63, 3320.88, 3299.24, 3191.63, 3346.14, 3360.7 6, 3320.32, 3380.20, 
3280.49, 3320.75, 3224.74, 3207.53, 3065.57, 3167.9 9, 3196.05, 3111.88, 
3077.06, 3205.29, 3139.97, 3022.69, 2961.41, 3024.2 2, 3000.84, 2840.00, 
2892.63, 3105.04, 3092.94, 3157.25, 3112.77, 2993.0 0, 3037.68, 3037.33, 
3060.65, 3098.72, 3049.40, 3054.11, 2918.82, 2893.5 5, 2870.57, 2803.25, 
2811.22, 2717.82, 2643.80, 2671.36, 2706.57, 2693.7 8, 2747.83, 2751.99, 
2632.98, 2725.88, 2649.00, 2569.34, 2586.09, 2627.0 0, 2571.25, 2555.27, 
2674.46, 2708.97, 2740.14, 2624.65, 2591.26, 2648.8 7, 2571.35, 2485.50, 
2450.20, 2513.22, 2547.05, 2549.65, 2501.03, 2498.0 2, 2437.51, 2431.66, 
2329.04, 2305.30, 2202.96, 2354.31, 2403.19, 2487.1 2, 2584.61, 2615.22, 
2604.85, 2715.06, 2548.37, 2636.10, 2579.33, 2584.0 5, 2520.84, 2423.87, 
2450.19, 2589.35, 2569.81, 2654.07, 2808.94, 2767.7 9, 2734.10, 2697.10, 
2733.95, 2776.78, 2834.12, 2824.68, 2899.78, 2960.9 6, 2974.40, 2891.62, 
2838.23, 2953.92, 2908.96, 2942.04, 2986.00, 3013.0 4, 3066.95, 3005.64, 
2886.08, 2956.59, 2937.26, 2909.95, 2926.03, 2989.3 8, 2989.08, 2850.68, 
2838.93, 2827.25, 2865.21, 2822.83, 2828.28, 2873.6 0, 2919.54, 2906.71, 
2982.68, 3064.56, 3026.82, 3080.02, 3039.76, 3127.4 6, 3094.76, 3140.34, 
3178.15, 3219.47, 3168.71, 3264.50, 3286.48, 3304.1 5, 3247.11, 3238.98, 
3186.39, 3217.34, 3198.82, 3241.22, 3224.66, 3220.5 8, 3146.55, 3241.04, 
3241.92, 3239.61, 3332.87, 3344.46, 3322.43, 3269.8 4, 3326.51, 3396.07, 
3384.69, 3387.64, 3330.68, 3366.71, 3287.00, 3318.1 5, 3304.48, 3374.82, 
3356.89, 3417.77, 3428.12, 3429.03, 3487.86, 3438.8 9, 3405.31, 3438.36, 
3375.66, 3331.89, 3332.24, 3339.58, 3381.71, 3398.8 9, 3452.70, 3443.93, 
3507.23, 3504.53, 3501.23, 3565.47, 3549.05, 3500.0 9, 3455.48, 3483.08, 
3492.67, 3484.58, 3571.22, 3567.20, 3647.51, 3668.6 7, 3607.71, 3641.53, 
3594.40, 3536.87, 3566.85, 3508.06, 3516.31, 3564.7 5, 3561.03, 3612.02, 
3578.70, 3456.27, 3411.02, 3307.34, 3326.27, 3324.8 5, 3323.38, 3256.78, 
3329.83, 3276.64, 3419.00, 3404.91, 3355.78, 3395.3 3, 3481.90, 3471.25, 
3538.39, 3538.13, 3570.58, 3577.72, 3516.67, 3559.3 3, 3580.08, 3490.60, 
3497.14, 3452.64, 3517.10, 3586.93, 3615.42, 3639.6 6, 3655.99, 3744.50, 
3741.71, 3717.70, 3733.93, 3782.56, 3746.24, 3729.8 7, 3748.34, 3765.59, 
3797.40, 3674.54, 3666.28, 3652.29, 3638.04, 3642.2 5, 3737.09, 3733.16, 
3712.98, 3744.99, 3745.95, 3821.20, 3809.26, 3875.6 6, 3874.78, 3841.73, 
3806.54, 3846.18, 3820.92, 3858.85, 3860.13, 3875.4 7, 3865.98, 3847.57, 
3870.88, 3898.42, 3876.94, 3903.34, 3952.72, 3965.1 6, 4018.50, 4035.90, 
4035.44, 4004.40, 4045.43, 4016.18, 3995.91, 3996.2 2, 4055.21, 4068.75, 
4111.64, 4139.92, 4106.41, 4138.04, 4139.86, 4151.8 3, 4128.68, 4134.42, 
4150.24, 4095.71, 4058.60, 4071.60, 4057.51, 4028.3 7, 4014.79, 4044.99, 
4098.97, 4110.80, 4122.16, 4121.65, 4057.05, 4070.4 6, 4095.86, 4095.34, 
4141.53, 4073.35, 4068.71, 3991.42, 3995.34, 4007.8 1, 4018.16, 4054.43, 
4100.34, 4071.70, 4133.78, 4126.14, 4145.99, 4087.5 5, 4044.70, 3904.95, 
3915.38, 3810.76, 3822.37, 3896.79, 3827.43, 3819.1 5, 3729.23, 3728.82, 
3726.07, 3811.92, 3822.33, 3881.25, 3874.04, 3856.7 0, 3924.85, 4007.60, 



4048.60, 4022.81, 4001.16, 4013.53, 4071.42, 4012.7 7, 4004.61, 4033.98, 
4025.07, 4061.13, 4026.15, 4059.15, 4103.62, 4125.8 3, 4134.10, 4065.74, 
4008.91, 3985.21, 4007.65, 3990.75, 4022.10, 3909.4 6, 3895.64, 3784.61, 
3849.84, 3776.24, 3824.93, 3803.10, 3754.37, 3789.2 4, 3872.26, 3839.32, 
3831.84, 3867.84, 3828.07, 3867.52, 3913.33, 3902.7 2, 3921.41, 3864.18, 
3888.31, 3917.08, 3961.93, 4017.81, 4018.95, 3997.7 6, 4021.64, 4014.56, 
3948.65, 3987.30, 4003.24, 3985.46, 3999.79, 3989.3 1, 3928.39, 3945.10, 
4007.05, 4013.35, 4069.35, 4069.73, 4052.73, 4035.0 2, 3998.77, 3995.73, 
3944.88, 3930.58, 3934.48, 3924.49, 3893.24, 3903.8 8, 3898.84, 3847.19, 
3845.93, 3812.63, 3837.60, 3877.48, 3801.05, 3797.3 3, 3752.59, 3814.08, 
3807.21, 3889.68, 3895.61, 3862.71, 3877.32, 3823.7 4, 3829.03, 3727.74, 
3690.33, 3720.64, 3678.91, 3658.11, 3646.99, 3699.1 1, 3705.73, 3726.50, 
3722.99, 3712.61, 3772.14, 3771.00, 3788.88, 3832.2 8, 3851.18, 3838.85, 
3785.21, 3817.62, 3833.45, 3866.99, 3887.58, 3889.3 7, 3886.50, 3851.22, 
3886.03, 3953.31, 3947.75, 3941.75, 3963.65, 3988.0 7 
]:

> nops(Closings);

1198
> Spots:= hfarray(1..nops(Closings)); # hardware floa ts are faster 

for i from 1 to nops(Closings) do 
  Spots[i]:=Closings[i]: 
end do: i:='i':

 := Spots
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 1..1198 1-D Array 
 Data Type: float[8] 
 Storage: rectangular 
 Order: C_order 

One does not work with prices, but with (logarithmic) returns (thus starting the day after)

> Returns:=[seq(evalf(ln(Closings[i]/Closings[i-1])), i=2..nops(Closings))]: 
i:='i': 
N:=nops(Returns);

 := N 1197

statistics for the data series: for Garch(1,1) certain relations for the moments should be fullfilled 
(Ref: Kierkegaard? Haerdle?):

> TS:=Returns: 
Mean:= stats[describe, mean](TS);         # should be 0 
Var := stats[describe, variance](TS);     # a0/(1-a 1-b1) 
Skew:= stats[describe, skewness](TS);     # should be 0 
Kurt:= stats[describe, kurtosis](TS);     # should be 
6*a1^2/(1-b1^2-2*a1*b1-3*a1^2) 
TS:='TS':

 := Mean -0.00046499982677338

 := Var 0.00035376720909099

 := Skew -0.00073269328851270

 := Kurt 4.6161870555263

So at least correct it to have mean=0 (which is ok, as variance should be estimated)
and work with that new time series (using hardware floats):

> Timeseries:= hfarray(1..N); 
for i from 1 to N do 
  Timeseries[i]:=Returns[i]-Mean: 
end do: i:='i':



 := Timeseries
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 1..1197 1-D Array 
 Data Type: float[8] 
 Storage: rectangular 
 Order: C_order 

Now take any more or less reasonable (historical) guess for the parameters

> A0 := 0.000; 
A1 := 0.1; 
B1 := 0.7;

 := A0 0.

 := A1 0.1

 := B1 0.7

and correct them according to the mentioned relation - where B1 is kept fix:

First change A1 to give the statistical kurtosis:

> theA1:='theA1': 
'Kurt=6*theA1^2/(1-B1^2-2*theA1*B1-3*theA1^2)'; 
theA1:=fsolve(%,theA1);

 = Kurt
6 theA12

 −  −  − 1 B12 2 theA1 B1 3 theA12

 := theA1 0.21813969384208

Then change A0 to give the statistical variance: 

> theA0:='theA0': 
'Var=theA0/(1-theA1-B1)'; theA0:=fsolve(%,theA0);

 = Var
theA0

 −  − 1 theA1 B1

 := theA0 0.000028959492044822

We do not want to have this values as neccessary results (as we do not know whether
the data actually are Garch(1,1)) and ignore skewness

> '[theA0, theA1, B1]': '%'=%; 
``; 
'theA0/(1-theA1-B1)': '%'=%; 
'6*theA1^2/(1-B1^2-2*theA1*B1-3*theA1^2)': '%'=%;

 = [ ], ,theA0 theA1 B1 [ ], ,0.000028959492044822 0.21813969384208 0.7

 

 = 
theA0

 −  − 1 theA1 B1
0.00035376720909100

 = 
6 theA12

 −  −  − 1 B12 2 theA1 B1 3 theA12
4.6161870555264

Hence for this selection we start with the 'right' variance and kurtosis for that N data.

We need to compute the maximum Likelihood:

> # maximium likelihood 
 



ML:=proc(dataseries, n, a0, a1, b1) 
local loc_a0, loc_a1, loc_b1, i, 
h0,h1,logML; 
 
loc_a0:=evalhf(a0); 
loc_a1:=evalhf(a1);  
loc_b1:=evalhf(b1); 
 
#calculate log Likelihood 
 
#h0 := loc_a0 + loc_a1 * 0 + loc_b1 * var; 
h0 := evalf( loc_a0 / (1 - loc_a1 - loc_b1) ); 
 
logML:=0; 
for i from 2 to n do 
  h1 :=    evalhf(loc_a0 + loc_a1 * dataseries[i - 1]^2 + loc_b1 * h0): 
  logML := evalhf(logML - ln(h1) - dataseries[i] ^ 2 / h1): 
  h0:= evalhf(h1); 
end do: i:='i': 
logML := evalhf(logML / 2 - ln(2 * Pi) * n / 2):  
return logML; 
end proc:

Check what happens for the new parameters:

> ML(Timeseries, N, A0, A1,B1);       # first guess 
ML(Timeseries, N, theA0, theA1,B1); # improvement

2187.11274345863376

3193.13570898078934

so i want to start working with that new guess.

> A0:=theA0; A1:=theA1; B1:=B1;

 := A0 0.000028959492044822

 := A1 0.21813969384208

 := B1 0.7

For fitting lots of evaluations are need and ML consumes a lot of timein Maple: 

> st:=time(): 
for i from 1 to 100 do 
  ML(Timeseries, N, A0,A1,B1+0.01/i); 
end do:  
`seconds needed`=time()-st; i:='i':

 = seconds needed 4.516

As this does not become better if gradients are need i coded it
up in an external C program (DLL) to be called from

> currentdir(): theDLL:=cat(%,`\\Garch.dll`); 
# the DLL is assumed to be in the directory of this  worksheet

 := theDLL "C:\_Work\Maple_Work\Finance\Garch\Garch.dll"
> extML := define_external( 

  'MLE', 
  'C', 
  'x_array'::ARRAY(1..n,float[8],NO_COPY), 
  'nX'::integer[4], 
  'g_a0'::float[8], 
  'g_a1'::float[8], 
  'g_b1'::float[8], 



  'RETURN'::float[8] , 
  LIB=theDLL):

which gives the same values, but is much faster

> extML(Timeseries, N, A0,A1,B1); 
ML(Timeseries, N, A0,A1,B1); 
``; 
st:=time(): 
for i from 1 to 100 do 
  extML(Timeseries, N, A0,A1,B1+0.01/i); 
end do:  
`seconds needed`=time()-st; i:='i':

3193.13570898078796

3193.13570898078934

 

 = seconds needed 0.031

The DLL contains the numerical gradient as well

> extgradML := define_external( 
  'gradMLE', 
  'C', # <--- calling without a wrapper 
  'x_array'::ARRAY(1..n,float[8],NO_COPY), 
  'nX'::integer[4], 
  'g_a0'::float[8], 
  'g_a1'::float[8], 
  'g_b1'::float[8], 
  'dy_array'::ARRAY(1..3,float[8],NO_COPY), # <--- NO_COPY to update in 
place 
  'RETURN'::float[8] , 
  LIB=theDLL):

For proper use the storage for dy_array has to be provided in Maple,
the external function writes the values to it

> X:=hfarray([seq(0,i=1..3)]);  # 3 parameters/variab les 
Y:=hfarray([seq(0,i=1..1)]);  # value in R^1 
dY:=hfarray([seq(0,i=1..3)]); # 3 real valued gradi ents

 := X [ ], ,0. 0. 0.

 := Y [ ]0.

 := dY [ ], ,0. 0. 0.

As this functions are hardware floats and do not accept variables i want
to apply the optimization in Matrix form where they can be wrapped.

We need
 
    1. the objective function
> objFunction:=proc(x) 

global Timeseries, N; 
extML(Timeseries, N, evalf[18](x[1]), evalf[18](x[2 ]), evalf[18](x[3])); 
return(-%); # <--- the package minimizes, so change  sign 
end proc: 

> # it works .. 
# objFunction(convert([A0,A1,B1],Vector));

    2. the numerical gradient
> objGradient := proc (x, dy) 

local res; 



global Timeseries, N, dY; 
res:=extgradML(Timeseries, N, x[1], x[2], x[3], dY) ; 
dy[1]:=-evalf[18](dY[1]); dy[2]:=-evalf[18](dY[2]);  
dy[3]:=-evalf[18](dY[3]); 
return (-res); # <--- the package minimizes, so cha nge all signs 
end proc: 

    3. a starting point
> initParam:=[A0,A1,B1]; 

initVector:=convert(initParam,Vector); 
#gradTest:=hfarray([seq(1,i=1..3)]); 
#objGradient(initVector, gradTest);: gradTest;

 := initParam [ ], ,0.000028959492044822 0.21813969384208 0.7

 := initVector
















0.000028959492044822
0.21813969384208

0.7
    4. linear constraints
> A := Matrix([0,1,1], datatype=float): 

b := Vector([1-(1e-20)], datatype=float): 
linearConstraint := [A, b]: 

Then let it run ...

> st:=time(): 
sol:=Optimization[NLPSolve]( 
  3, 
  objFunction, 
  linearConstraint, 
  objectivegradient=objGradient, 
  initialpoint=initVector, 
  assume=nonnegative, 
  optimalitytolerance=1e-14 
); 
 
``; `time used[seconds]`=time()-st; 
 

 := sol
















,-3221.95100471500018
















0.305184918006717378 10-5

0.0961758879818718771
0.896612487709952054

 

 = time used[seconds] 0.171

The result is given almost immediate, the estimated parameters are
 .305184918006717378e-5 , .961758879818718771e-1, .896612487709952054   

where the (maximum) likelihood is  3221.95100471500018  

> estimatedParameters:=convert(sol[2],list); 
estA0:=estimatedParameters[1]; 
estA1:=estimatedParameters[2]; 
estB1:=estimatedParameters[3];

 := estimatedParameters [ ], ,0.305184918006717378 10-5 0.0961758879818718771 0.896612487709952054

 := estA0 0.305184918006717378 10-5

 := estA1 0.0961758879818718771

 := estB1 0.896612487709952054



Check the restriction:

> 'estA1+estB1': '%'=%;

 =  + estA1 estB1 0.99278837569182

and the 'statistics':

> 'estA0/(1-estA1-estB1)': '%'=%; 'Var': '%'=%; 
'6*estA1^2/(1-estB1^2-2*estA1*estB1-3*estA1^2)': '% '=%; 
'Kurt': '%'=%;

 = 
estA0

 −  − 1 estA1 estB1
0.00042318471534985

 = Var 0.00035376720909099

 = 
6 estA12

 −  −  − 1 estB12 2 estA1 estB1 3 estA12
-13.443300686010

 = Kurt 4.6161870555263

while variance is more or less ok the 'kurtosis' is strange,
the formula holds iff the following relation is be satisfied:

> '(estB1^2+2*estA1*estB1+3*estA1^2)<1'; %;

 <  +  + estB12 2 estA1 estB1 3 estA12 1

 < 1.0041283617670 1

So i should have to use a non-linear constraint for the Kurtosis ... but can not
find out how Maple wants to have that and to have it working  :-(

> # Optimization[MatrixForm]
> b1^2+2*a1*b1+3*a1^2-1; 

subs(a0=V[1],a1=V[2],b1=V[3],%);

 +  +  − b12 2 a1 b1 3 a12 1

 +  +  − V3

2
2 V2 V3 3 V2

2
1

> nlc := proc(V, W, needc) 
           if needc[1] > 0.0 then 
             W[1] := V[3]^2+2*V[2]*V[3]+3*V[2]^2-(1 -1e-14); 
           end if: 
       end proc:

> #initParam:=[0, 0.4, 0.4]; 
sol2:=Optimization[NLPSolve]( 
  3, 
  objFunction, 
1, 
nlc, 
  linearConstraint, 
  objectivegradient=objGradient, 
  initialpoint=initVector, 
  assume=nonnegative, 
  optimalitytolerance=1e-14 
);

Error, (in Optimization:-NLPSolve) no improved poin t could be found; consider 
increasing optimality tolerance and checking correc tness of objective and 
nonlinear constraint functions 

so try it with a dump linearization for the additional constraint

> b1^2+2*a1*b1+3*a1^2-1; 
#estB1*b1+2*estA1*b1+3*estA1*a1-1;   evalf[3](%); 



0.9*b1+2*a1*0.9+3*0.1*a1-1; 
subs(a0=V[1],a1=V[2],b1=V[3],%); 
c1:=1.0*coeff(%,V[1]); 
c2:=1.0*coeff(%%,V[2]); 
c3:=1.0*coeff(%%%,V[3]); 

 +  +  − b12 2 a1 b1 3 a12 1

 +  − 0.9 b1 2.1 a1 1.

 +  − 0.9 V3 2.1 V2 1.

 := c1 0.

 := c2 2.10

 := c3 0.90
set up the linear constraint
> A := Matrix([0,1,1], datatype=float): 

b := Vector([1-(1e-20)], datatype=float): 
A2 := Matrix([c1,c2,c3], datatype=float): 
b2 := Vector([0.999], datatype=float): 
linearConstraint2 := [A, b, A2, b2]:

and let it run

> sol3:=Optimization[NLPSolve]( 
  3, 
  objFunction, 
  linearConstraint2, 
  objectivegradient=objGradient, 
  initialpoint=initVector, 
  assume=nonnegative, 
  optimalitytolerance=1e-14 
);

 := sol3
















,-3221.80865149600004
















0.310166685456576986 10-5

0.0889988337829700214
0.902336054506403307

> EstimatedParameters:=convert(sol3[2],list); 
EstA0:=EstimatedParameters[1]; 
EstA1:=EstimatedParameters[2]; 
EstB1:=EstimatedParameters[3];

 := EstimatedParameters [ ], ,0.310166685456576986 10-5 0.0889988337829700214 0.902336054506403307

 := EstA0 0.310166685456576986 10-5

 := EstA1 0.0889988337829700214

 := EstB1 0.902336054506403307

This time it is ok:

> 'EstA1+EstB1': '%'=%; ``; 
'EstA0/(1-EstA1-EstB1)': '%'=%; 'Var': '%'=%; ``; 
'6*EstA1^2/(1-EstB1^2-2*EstA1*EstB1-3*EstA1^2)': '% '=%; 
'Kurt': '%'=%; ``; 
'(EstB1^2+2*EstA1*EstB1+3*EstA1^2)<1'; %;

 =  + EstA1 EstB1 0.99133488828937

 

 = 
EstA0

 −  − 1 EstA1 EstB1
0.00035794885953528

 = Var 0.00035376720909099

 



 = 
6 EstA12

 −  −  − 1 EstB12 2 EstA1 EstB1 3 EstA12
33.620746008342

 = Kurt 4.6161870555263

 

 <  +  + EstB12 2 EstA1 EstB1 3 EstA12 1

 < 0.99858644556916 1

In many cases i played with that model the condition for the kurtosis is violated. 

And if i enforce it to hold ... the estimated volatility is 'not realistic' for extreme
situations. But who ever said that this is the right model or higher moments do
exist.

Anyway ... let's have some nice plots.

> myA0:=EstA0; myA1:=EstA1; myB1:=EstB1;

 := myA0 0.310166685456576986 10-5

 := myA1 0.0889988337829700214

 := myB1 0.902336054506403307
> condVar:=hfarray(1..N): 

condVar[1]:= evalf( myA0 / (1 - myA1 - myB1) ): 
for i from 2 to N do 
condVar[i]:= evalf( myA0 + myA1*Returns[i-1]^2 + my B1*condVar[i-1] ); 
end do: i:='i': 

> Vola:=map( x->sqrt(x)*sqrt(252.0),condVar): 

> #plots[pointplot]({seq([i,Vola[i]],i=1..N)},  color =blue); 
plots[listplot]([seq([i,Vola[i]],i=1..N)], color=bl ue,  
  title="Garch(1,1) estimate", labels=["days", "vol atility"]); 



> P1:=plots[listplot]([seq([i+1,Spots[i+1]],i=1..N)],  color=red,  
  title = "Vola vs Index",axes=NONE): 
P2:=plots[listplot]([seq([i,8000+10000*Vola[i]],i=1 ..N)], color=blue, 
axes=NONE): 
plots[display]({P1,P2});



and see how historical volatility is reacting too slow (even for a 30 day frame):

> for i from 1 to 30 do 
  MA30[i]:=0: 
end do: i:='i': 
for i from 31 to N do 
  MA30[i]:=sqrt(252.0 * stats[describe, variance]([ op(i-29..i,Returns)]) );: 
end do: i:='i':

> P4:=plots[listplot]([seq([i,MA30[i]],i=100..N)], co lor=grey,thickness=3): 
P3:=plots[listplot]([seq([i,Vola[i]],i=100..N)], co lor=blue,  
  title="Garch vs hist Vol", labels=["days", "volat ility"]): 
plots[display]({P3,P4});



> 

code for the DLL
#include <math.h> 
 
static const long double log_2PI = 1.83787706640934 54836L; 
 
/* calculate log maximimum likelihood */ 
double _stdcall 
MLE(double *ts,  
  const long n,  
  const double a0,  
  const double a1,  
  const double b1) 
{ 
 double h0, h1, logML, pt; 
 long i; 
  
 if (n<=0){return(0);} else; 
 
 h0 = a0 / (1 - a1 - b1); 



 h1 = 0.0; 
 
 logML = 0.0; 
 for(i=1; i<=n-1; i++) // starting with i=1 means s econd entry 
  { 
  pt = (*ts); 
  h1 = a0 + a1 * pt*pt + b1 * h0; 
 
  ts++;        // 1 step ahead in the timeseries 
  pt = (*ts); 
  logML = logML - log(h1) - pt*pt / h1; 
 
  h0 = h1;      // start over for recursion 
  } 
 
 logML = logML * 0.5  - log_2PI * (double)n * 0.5; 
 return (logML); 
} 
 
/* 
 calculate log maximium likelihood and its gradient  dy 
 for a0, a1, b1 
 
 dy has to be supplied by the calling program and i s 
 updated in place 
*/ 
 
double _stdcall 
gradMLE(double *ts, 
  const long n,  
  const double a0,  
  const double a1,  
  const double b1, 
  double *dy) 
{ 
 double h0, h1, logML;         // variables for ML  
 double Dh0_a0, Dh0_a1, Dh0_b1;    // variables for  the gradient 
 double Dh1_a0, Dh1_a1, Dh1_b1; 
 double DlogML_a0, DlogML_a1, DlogML_b1; 
 double pt, pt_square, h1_square_inv; // short hand s 
 long i; 
  
 if (n<=0){return(0);} else; 
 
 h0 = a0 / (1 - a1 - b1); 
 
 Dh0_a0 = ( 1/(1-a1-b1) );       // diff(h0,a0) 
 Dh0_a1 = ( a0/(1-a1-b1)/(1-a1-b1) ); // diff(h0,a1 ) 
 Dh0_b1 = ( a0/(1-a1-b1)/(1-a1-b1) ); // diff(h0,b1 ) 
  
 h1 = 0.0; 
  
 Dh1_a0 = 0.0; 
 Dh1_a1 = 0.0; 
 Dh1_b1 = 0.0; 
 
 logML = 0.0; 
  
 DlogML_a0 = 0.0; 
 DlogML_a1 = 0.0; 
 DlogML_b1 = 0.0; 
 
 for(i=1; i<=n-1; i++) // starting with i=1 means s econd entry 
  { 



  pt = (*ts);  
  pt_square = pt*pt; 
 
  h1 = a0 + a1 * pt_square + b1 * h0; 
   
  // differentiate h1 w.r.t. parameters 
  Dh1_a0 = ( 1 + b1 * Dh0_a0 );   // 1+b1*diff(h0(a 0,a1,b1),a0) 
  Dh1_a1 = ( pt_square+b1*Dh0_a1 ); // TS[i-1]^2+b1 *diff(h0(a0,a1,b1),a1) 
  Dh1_b1 = ( h0+b1*Dh0_b1 );    // h0(a0,a1,b1)+b1* diff(h0(a0,a1,b1),b1) 
 
  ts++;             // 1 step ahead in the timeseri es 
  pt = (*ts);  
  pt_square = pt*pt; 
  h1_square_inv = 1/(h1*h1); 
 
  logML = logML - log(h1) - pt_square / h1; 
 
  // differentiate logML w.r.t. parameters 
  DlogML_a0 = ( DlogML_a0 + (-h1+pt_square)*h1_squa re_inv*Dh1_a0 ); 
  DlogML_a1 = ( DlogML_a1 + (-h1+pt_square)*h1_squa re_inv*Dh1_a1 ); 
  DlogML_b1 = ( DlogML_b1 + (-h1+pt_square)*h1_squa re_inv*Dh1_b1 ); 
 
  // start over for recursion 
  h0 = h1; 
  Dh0_a0 = (Dh1_a0); 
  Dh0_a1 = (Dh1_a1); 
  Dh0_b1 = (Dh1_b1); 
  } 
 
 logML = logML * 0.5  - log_2PI * (double)n *0.5; 
 DlogML_a0 = ( 0.5 * DlogML_a0 ); 
 DlogML_a1 = ( 0.5 * DlogML_a1 ); 
 DlogML_b1 = ( 0.5 * DlogML_b1 ); 
 
 // now write to dy stepping through it 
 (*dy) = DlogML_a0; dy++; 
 (*dy) = DlogML_a1; dy++; 
 (*dy) = DlogML_b1;  
 
 return (logML); 
}

> 


