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35. GROBNER BASES FOR MODULES 15

The reduction process allows us to give a Division Algorithm that mim-
ics the Division Algorithm for polynomials. Given f, fi...., f, € A™, with
Frveer £4 # 0, this algorithm returns quotients ey, .. a5 € A= Ky, ,Znl,
and a remainder » C A™, which is reduced with respect to £, such that
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.

This algorithm is given as Algorithm 3.5.1

INPUT: f, fy,..., f, € A™ with §, #0 (1<i<s)

OUTPUT: ay,...,a, € A7 € A" with f = a1 fy +-- + o, fo 7
and r is reduced with respect to {fy,... . f,} and
max(ip(a))Im(f,);... ,1p(as) Im(£,), Im(r)) = Im(f)

INITIALIZATION: a; = 0,07 := 0,g:=f

WHILE g # 0 DO

IF there exists 1 such that 1m(f;) divides Im(g) THEN

Ja = 07

Choose i least such that Im(,) divides la(g)

- 1t(g)
a=ait frie sy ‘
_ Mg). -
1t(f.)
ELSE
=1 +1t(g)
9:=g-1t(g)

ALGORITEM 3.5.1. Division Algorithm in A™

Note that the step 7 :— 7 +1It(g) in the ELSE part of the algorithm is used to
put in the remainder the terms that are not divisible by any 1t(f,) and the step
g =g —It(g) is used to continue in the algorithm to attempt to divide into the
next lower term of g.

EXAMPLE 3.5.11. We will redo Example 3.5.9 going step by step through .
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OUTPUT: q,,...,0, € AT €A™ with f =y +---+a.fc—7
and r is reduced with respect to {fy,... , f,} and
max(ip(a))Im(f,);... ,1p(as) Im(£,), Im(r)) = Im(f)

INITIALIZATION: o; := 0,0; -

WHILE g # 0 DO

IF there exists ¢ such that Im(f) divides Im(g) THEN
Choose i least such that Im(f,) divides m(g)
w10 ‘

o lifg)
=9y
ELSE

0,...,0= 0, :=0,g:=f

£

=7 +1(g)
- lt{g)

ALGORITEM 3.5.1. Division Algorithm in A™

Note that thestep v :— 7 +1t(g) in the ELSE part of the algorithm is used to
put in the remainder the terms that are not divisible by any 1t(f,) and the step
g:=g—11(g) is used to continue in the algorithm to attempt to divide into the
next lower term of g.

EXAMPLE 3.5.11. We will redo Example 3.5.9 going step by stcp through
Algorithm 3.5.1.

INITIALIZATION: a, = 0,0z := 0,7 := 0,g := (3% — 22%y,3?%)

First pass through the WHILE loop:

(2,0) = Im(,) does not divides Im(g) = (0,37)
(0.4") = () divides Im(g) — (0,?)
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