
We write the PDE in the index notation:

(λ+ µ)uj,ji + µui,jj −
1

4
µl2ui,kkjj = ρüi.

We multiply the equation by an arbitrary but time-independent vector field vi

(λ+ µ)uj,jivi + µui,jjvi −
1

4
µl2ui,kkjjvi = ρüivi,

and then calculate the individual terms:

uj,jivi = ui,ijvj = (ui,ivj),j − ui,ivj,j ,

ui,jjvi = (ui,jvi),j − ui,jvi,j ,

ui,kkjjvi = (ui,kkjvi),j − ui,kkjvi,j = (ui,kkjvi),j − (ui,kkvi,j),j + ui,kkvi,jj .

Let Ω be the domain of the PDE and Γ be its boundary, and let n be the outward
unit normal vector to Γ. We integrate the equation over Ω and apply the Divergence
Theorem to get∫

Γ

[
(λ+ µ)ui,ivj + µui,jvi −

1

4
µl2(ui,kkjvi − ui,kkvi,j)

]
nj dA

−
∫

Ω

[
(λ+ µ)ui,ivj,j + µui,jvi,j −

1

4
µl2ui,kkvi,jj

]
dV =

d2

dt2

∫
Ω

ρuivi dV.
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