COMPUTER ALGEBRA FOR THEORETICAL PHYSICS

Generally speaking, physicists still experience that computing with paper and pencil is
in most cases simpler than computing on a Computer Algebra worksheet. On the other
hand, recent developments in the Maple system implemented most of the mathematical
objects and mathematics used in theoretical physics computations, and dramatically
approximated the notation used in the computer to the one used in paper and pencil,
diminishing the learning gap and computer-syntax distraction to a strict minimum. In
connection, in this talk the Physics project at Maplesoft is presented and the resulting
Physics package illustrated tackling problems in classical and quantum mechanics,
general relativity and field theory. In addition to the 10 a.m lecture, there will be a
hands-on workshop at Ipm in the Alice Room.

... Why computers?

We can concentrate more on the ideas instead of on the algebraic
manipulations

We can extend results with ease
We can explore the mathematics surrounding a problem

We can share results in a reproducible way

Representation issues that were preventing
the use of computer algebra in Physics

Notation and related mathematical methods that were missing:



coordinate free representations for vectors and vectorial differential
operators,

covariant tensors distinguished from contravariant tensors,

functional differentiation, relativity differential operators and sum rule for
tensor contracted (repeated) indices

Bras, Kets, projectors and all related to Dirac's notation in Quantum
Mechanics

Inert representations of operations, mathematical functions,
and related typesetting were missing:

inert versus active representations for mathematical operations

ability to move from inert to active representations of computations and
viceversa as necessary

hand-like style for entering computations and texbook-like notation for
displaying results

Key elements of the computational domain of theoretical
physics were missing:

ability to handle products and derivatives involving commutative,
anticommutative and noncommutative variables and functions

ability to perform computations taking into account custom-defined algebra

rules of different kinds

(problem related commutator, anticommutator, bracket, etc. rules)

Vector and tensor notation in mechanics,
electrodynamics and relativity



Formalism

Vector calculus

Tensor calculus

Formulation

Fields

3D Euclidean space + time

Potentials (any gauge)

3D Euclidean space + time

Potentials (Lorenz gauge)

3D Euclidean space + time

Fields

Minkowski space

Potentials (any gauge)

Minkowski space

Potentials (Lorenz gauge)

Minkowski space

Fields

any space-time

Potentials (any gauge)

any space-time

Potentials (Lorenz gauge) Faj = () {5‘

any space-time
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Non-homogeneous equations

v.E=L2
o
1 0E
VxB- ZW_HDJ
d P
Vy+a(v A) = o
DA ALl J
+VIV- A+ — 2ot = Ho
I:It,:':‘ﬁ
<o
UA = pod
O F°* = poJ”?

V Dirac's notation in quantum mechanics
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- Computer algebra systems were not originally designed to work with this
compact notation, having attached so dense mathematical contents, active
and inert representations of operations, not commutative and customizable
algebraic computational domain, and the related mathematical methods,
all this typically present in computations in theoretical physics.

- This situation has changed. The notation and related mathematical
methods are now implemented.

Tackling examples with the Physics package

Classical Mechanics

Inertia tensor for a triatomic molecule

Problem: Determine the Inertia tensor of a triatomic molecule that has the form
of an isosceles triangle with two masses m, in the extremes of the base and mass

m, in the third vertex. The distance between the two masses m, is equal to @, and
the height of the triangle is equal to A.

Solution

> restart, with(Physics, KroneckerDelta) : with (Physics [ Vectors ]) :

The general formula



> InertiaTensor == Sum(m[k] (Norm(r_[k])2 kd [i,j]- Component(r_[k],
i) Component(r_[k],j)),k=1.N);

=

B o - 2 - -
InertiaTensor = kilmk (Hrk” 81."/. — (rk)[ (rk)j) (3.1.1.1.1)

There are 3 particles
> N:=3

N:=3 (3.1.1.1.2)
Create an indexing function

> IT = unapply(InertiaTensor, i, j)
3

IT= (i) = 2, m, (||7k|\2 5, — <7k)l- (?k)j) (3.1.1.1.3)

The inerta tensor matrix

> IT Matrix := Matrix(3, IT)
3 3 3

IT_Matrix = l Do (IR = ()] 2 (e (B, (F),) 2 (G
(%), <a>3)]
le( (7). (;k>2),k3lmk (I70” = (F0),) :1(
my (74), (), )]
LSI( (P, (7)) ki(-mk@)z (F4);) k31Mk(||?k|‘2

Choose a system of reference (not at the center of mass). The vectors ?k are

related to R, _and R, by

> position == r_[k]=R [k]-R [CM];

position == r, =R, — ;Q)CM 3.1.1.1.5)



Choose the origin at the middle of the segment connecting the two atoms of
equal mass

>R [1]= - %_i;
- ai
Ry == (3.1.1.1.6)
>R [2]=h k
R, = hk (3.1.1.1.7)
> R [3]:= %_z
- ai
Ry = - (3.1.1.1.8)
Two masses are equal
> my = m[1]
my=m, (3.1.1.1.9)

The "center of mass"

> R [CM] = Sum(m[j1R_[j1j=1.N)/Sum(m[jl,j=1.N);

m R
- o j=1 J
M= T (3.1.1.1.10)
m,
j=1"7
> RCM = value(RCM)
N mzhk
R = — (3.1.1.1.11)

M 2m, +m,
The positions of the three particles viewed from the center of mass
> seq(eval(position,k=j),j=1..N)
ai m, h k

R N m2h/Ac N
__ai k2t Al 11112
"1 2 2ml+mz’r2 2ml—|—mz’r3 2 @3 )

mzhlAc

2 m, + m,



The abstract IT Matrix at these values of the vectors ;:k

> IT answer := simplify(eval(value(IT Matrix), [(3.1.1.1.12) ]))

2
21n2h m,
T 0 0
ml—l—m2
2 2 2
m, (2m,a +a m,+4m,h
IT answer = 0 1< ! 2 2 ) 0
2(2m1+m2)
2
m, a
0 0
2

>

Quantum mechanics

(3.1.1.1.13)

Quantization of the energy of a particle in a magnetic field

Show that the energy of a particle in a constant magnetic field oriented along the z axis can be

written as
¥ 1
H=ho |a'a+ —
¢ 2

where «'and « are creation and anihilation operators.

Solution

The classical Hamiltonian is given by

The underlying quantum mechanics algebra rules are

() (P),] =8, [(F)n(F)]_ =00 [(0)y(P);]_=0

LJ J

> restart, with(Physics ) : with(Vectors) : interface(imaginaryunit =1i) :

- —
> Setup(hermitianoperators = {A, H, 11, 11, p, 1_5, X, Y, z}, quantumoperators =

{a},



realobjects = {h, B,c,k,m,q, (Dc});

hermitianoperators = {A, H,II, l_l,p,;, X, Y, z}, quantumoperators = {A, H, (3.2.1.1.1)
IL I, a, p, Z, X, Y, z}, realobjects = {h, B, ;,j, k, 0, ;:, f), 0,c k,m,0,q,r,
p.8,x),7,0,}|

The Hamiltonian

ﬁz
> H= ——
2 m
ﬁz
H=— (3.2.1.1.2)
2m
where
o q
>I=p — 4 (xy)
c
- S A(x,y
M=p— "(C"” (3.2.1.1.3)
> PDEtools:-declare(A_(x,y))
A(x, y) will now be displayed as A 3.2.1.14)

> Setup( { xnp.| = ih,|x, p,|_= 0, [v,x|_=0,], p.| = 0, v, p,|_= ih, P

Pel79))

[algebrarules = { p.| = 1h, [x, P,

_Zih, PP, _ZOH

=0, [».x]_=0,[np | =0,[np | (32115

In Coulomb's gauge, the following vector potential gives the magnetic field of the problem,
5 R
B=Bk

By . Bx
> - . _ . .
A (x,y) > i+ 5 J
- 1 A 1 A
A= - 5 Biy+ 5 Bjx 3.2.1.1.6)

Indeed we have
> Divergence((3.2.1.1.6))
Ve4=0 3.2.1.1.7)



> Curl((3.2.1.1.6))
Vx A=Bk (3.2.1.1.8)
Derive now the commutation rule for [HV\_, Hl,]

> II=1II[x]- i+ II[y] J;

—

=i I+, I1 (3.2.1.1.9)
> p_=plx]_itply]_J
p=ip.+jp, (3.2.1.1.10)

> subs((3.2.1.1.6), (3.2.1.1.9), (3.2.1.1.10), (3.2.1.1.3))

1 A 1 A
q|-=Biy+ —Bjx

i 4T =ip +jp — : - : (3.2.1.1.11)
> Component((3.2.1.1.11), 1)
M =p + quc“"" (3.2.1.1.12)
> Component((3.2.1.1.11), 2)
Mm=p — qucx (3.2.1.1.13)
> Commutator((3.2.1.1.12), (3.2.1.1.13))
(.1 = iq f h (3.2.1.1.14)

> Setup((3.2.1.1.14))

algebrarules{ X, P, =1ih, Xp, =0, [y, x|_=0, VP, =0, v, (3.2.1.1.15)

_ c yEx|_

. igBhn
p,|_ =ih [TLIL = [ psp =0H

Time to bring in annihilation and creation operators

> a= L(H +i11)
J2hqB " d
ﬁﬁ(njin‘,)
a= : ~ (3.2.1.1.16)

2\JhqgB

> (3.2.1.1.16)



L VET (i)

a' 3.2.1.1.17)
2 hqB
Verity the normalization of this definition
> Commutator((3.2.1.1.16), (3.2.1.1.17))
[a,a"]_ =1 (3.2.1.1.18)
> Setup((3.2.1.1.18))
algebrarules = { a,a | =1, [x, r.l = 1h, xp,| = 0, v,x|_=0,]y, (3.2.1.1.19)
igBh
p.| =0,[wp,| =ik I, 1L | = lqc s [pyp] OH
To express the Hamiltonian in terms of «, al
> subs((3.2.1.1.9), (3.2.1.1.2))
(im+jm)
H= : : (3.2.1.1.20)
2m
> Solve< {(3.2.1.1.16), (3.2.1.1.17) }, {Hx, Hy})
L (1
" —J hqgB - 2
JhqB ((ﬂ—l-a)\/? 2 1 (a a)\/_
Il = L= (3.2.1.1.21)
- 2 /e s /e
> subs((3.2.1.1.21), (3.2.1.1.20))
A . A " 2
iJhgB (d -f-a)\/? n ijJhqB (d —a)ﬁ
H= 2/c 2/c (3.2.1.1.22)
2m
> simplify (expand((3.2.1.1.22)))
- f
= raB(-1+2ad) (3.2.1.1.23)
2mc
> Library:-SortProducts ((3.2.1.1.23), [ Dagger (), a ], usecommutator)
T
hgB|\1+2
= RaB(1+2d a) (3.2.1.1.24)

2mc
.. o . . . qB .
This is the Hamiltonian of an harmonic oscillator with frequency ®_ = ——. The possible
m

1 . e
values for the energy are known: £=7 @ (n + > ] , where 7 is a positive integer.



The quantum operator components of L satisfy
[Lj, Lk] =€ L

_], kam m

> restart, with(Physics) : interface(imaginaryunit =1i) :

> Setup (spaceindices = lowercaselatin)

[ spaceindices = lowercaselatin |

Define L, rand p as tensors of the 3-D Euclidean space embedded in
> Define(L,r,p)
Defined objects with tensor properties

L: s ,G,aa ’8 ’E
{ P75 T O O 8 v O oa,B,u,v}

Now set the related Commutator rules for the algebra in tensor notation

> Setup (quantumoperators = {L, p, r}, {2%oCommutator (p[j], p[k]) =0,

(3.2.2.1)

(3.2.2.2)

Y%Commutator (r{ j], p[k]) = i KroneckerDelta| j, k], “oCommutator (r[ j], r[k])

=0})

[algebmrules = { Pply|_ = 0, rely| = i 8] el = 0}, quantumoperators (3.2.2.3)

= {L.p,7}]
Verity how these algebra rules work:
> (%Commutator = Commutator) (r[ j], p[k])

ALY

> (%Commutator = Commutator) (r[ j], r[k])

> (%Commutator = Commutator) (p[j], p[k]);
PpPy|_=0

The definition of Lj

> L[j] =LeviCivita[ j, k, m] r[k]p[m]

— k, m
L=

The rule to be verified

(3.2.2.4)

(3.2.2.5)

(3.2.2.6)

(3.2.2.7)



> %Commutator (L[ j], L[k]) =1LeviCivita[ j, k, m | L[m ]

L,L]_= i € em L™ (3.2.2.8)
Substitute now the operator L. by its tensor form in terms », and p  in the commutator above
> Library:-SubstituteTensor ((3.2.2.7), (3.2.2.8))
r.p, ej”v ",y P, Ekb’ ¢ = i Ej om a P ema.b 3.2.2.9)
> Simplify((3.2.2.9))
-1 ez +1 riPy = -1 oz + irj Py (3.2.2.10)
Or one step at a time,
> expand((3.2.2.9))
ej“’ m ekb’ ‘r.p, T, P, ej‘” m ekb’ ‘r,p,r,p, =1 € km e bom r, Dy 3.2.2.11)
> Simplify((3.2.2.11))
-ir P; + irj p,=-ir, P; + irj Py (3.2.2.12)

Unitary Operators in Quantum Mechanics
(with Pascal Szriftgiser, from Laboratoire PALAM, Université Lille 1, France)

A linear operator U is unitary if U 1o UT, in which case, U- Uv=vlu=1. Unitary operators
are used to change the basis inside an Hilbert space, which physically means changing the point
of view of the considered problem, but not the underlying physics. Examples: translations,
rotations and the parity operator.

1) Eigenvalues of an unitary operator and exponential of Hermitian
operators

* Show that the eigenvalues of an unitary operator are all on the unit circle,
their modulus is 1.

* Show that an operator e s unitary provided H is Hermitian (HZHT) and

A is any real parameter.

> restart, with(Physics ) : interface(imaginaryunit =1i) :

> Setup (mathematicalnotation = true, unitaryoperators = { U}, quantumoperators



= {V}, hermitianoperators = {H}, realobjects = {\})
| hermitianoperators = { H}, mathematicalnotation = true, quantumoperators

= {H, U, V'}, realobjects = {\ }, unitaryoperators = {U} |

If | U£ > is a normalized eigenvector of U with eigenvalue €

> U-Ket(U,e) =U-+Ket(U, ¢)

Y1) =EYe)
> Dagger((3.2.3.1.2))

(Gl V=2 (4
Multiplying eq. (3.2.3.1.3) and (3.2.3.1.2) sides by sides
> (3.2.3.1.3) . (3.2.3.1.2)

1=le

Step by step using ‘*" instead of *."
> (3.2.3.1.3)-(3.2.3.1.2)
(U | V"V U, ) =Ee (U ]| L)
> Simplify((3.2.3.1.5))
(U] | Ue) =E2 (V]| V)
> subs(* =", (3.2.3.1.6))
(Ul "] Ve =2 ({ U] "] V)

> convert((3.2.3.1.7), abs)

2
1= el
Show that ¢ * i unitary
> V=exp(i-A-H)
V=el AH
> Dagger((3.2.3.1.9))
VY e_l 7\.//

> (3.2.3.1.9) . (3.2.3.1.10)

(3.2.3.1.1)

(3.2.3.1.2)

(3.2.3.1.3)

(3.2.3.1.4)

(3.2.3.1.5)

(3.2.3.1.6)

(3.2.3.1.7)

(3.2.3.1.8)

(3.2.3.1.9)

(3.2.3.1.10)

7 A M 1 114\



vvt=1 (3.2.3.1.11)
> (3.2.3.1.10) . (3.2.3.1.9)

T y=1 (3.2.3.1.12)
Therefore, V' is unitary

>

2) Properties of unitary operators

Consider two set of kets | a, > and | b, >, each of them constituting a complete orthonormal

basis of the same Hilbert space. Then one can always build an unitary operator U that maps
one basis to the other, i.e.:

[2n) = U] 4)

The demonstration is performed for discrete basis sets, but it can be done the same way in the
continuous case.

2.1) Verify that U= b implieson |b \=U
) Verify 2. |b,) (| implies on |5, )=U|a,)

> restart; with(Physics) :

> Setup (quantumoperators = { U}, bracketrules = {%oBracket(Bra(a, m), Ket(a,
n)) = KroneckerDelta| m, n |, %Bracket(Bra(b, m), Ket(b, n))
= KroneckerDelta[ m, n]}, quantumdiscretebasis = {a, b})

[bracketrules:{ a |la \=0 b |b \=9d }, (3.2.3.2.1.1)
m| n m, n

m n m, n’

quantumdiscretebasis = {a, b}, quantumoperators = {U }]

8

> U= Ket(b, k) Bra(a, k)
k=0

U=21b) (] (3.2.3.2.1.2)

> (3.2.3.2.1.2) . Ket(a, m)
U- ‘ a, > = | b, > (3.2.3.2.1.3)



Step by step
> (3.2.3.2.1.2) - Ket(a, m)

U= (28 (ol o)

> combine((3.2.3.2.1.4))

Ulam) = 2| o) ([ an)
> subs(“* =", %)

Usfa,) = 2 [ B} (4] | a,)

> (3.2.3.2.1.6)

[e¢]

U.|am>:k:06k,m‘bk>

\

Simplify((3.2.3.2.1.7))
Usay)=|bn)

2.2) Show, in steps, that U= Z |bk> (4] is unitary
k=0

Recalling the expansion of the test operator U

> (3.2.3.2.1.2)

We have, in steps,

> (3.2.3.2.1.2) - subs(k=n, Dagger((3.2.3.2.1.2)))

[ee] [ee]

= | %) <“k\] (n0|“n> <bn|J

> combine((3.2.3.2.2.2))

U=

(3.2.3.2.1.4)

(3.2.3.2.1.5)

(3.2.3.2.1.6)

(3.2.3.2.1.7)

(3.2.3.2.1.8)

(3.2.3.2.2.1)

(3.2.3.2.2.2)

(3.2.3.2.2.3)



Uut= b b 3.2.3.2.2.3
225} (4|9, (b, ] (23223
> subs(“* =", (3.2.3.2.2.3))
U.Ut= b\ e . < (b 3.2.3.2.2.4
225} (]9 (B ] (323224
> (3.2.3.2.2.4)
t_
UU _k:On:OSk L 26) (B, ] (3.2.3.2.2.5)
> Simplify((3.2.3.2.2.5))
Uut= b\ (b 3.2.3.2.2.6
21} (] (.23226)
In the same way one arrives to vt u= ‘ a,, > < a,, ‘ The same results can be
kl1=0

obtained in one go by using the dot product instead of the star product, as in

> (3.2.32.12) . 3.232.1.2)"
t_
UUT= 2, by} (by | (3.2.3.2.2.7)
k1 =0
> (3.23.2.12) . (3.2.32.1.2)
tor_
U U—kl:o‘ a ) (ay | (3.2.3.2.2.8)

and since ‘ a, > and | b, > form two complete basis, their Kets satisfy the following

closure relations:

> Projector (Ket(a, k), dimension =0..0 ) =1, Projector(Ket(b, k), dimension =0
L) =1

k:0| ak> < ak| =1, | bk> < bk| =1 (3.2.3.2.2.9)

Hence U is unitary.

>

2.3) Show that the matrix elements of U in the | a > and | b, > basis
are equal



> (3.2.3.2.1.2)

U= kzo‘ b, > < a, ‘ (3.2.3.2.3.1)
> Bra(a,n) .(3.2.3.2.1.2) . Ket(a, m)
< a, ‘ U ‘ a, > = < a, | b, > (3.2.3.2.3.2)
Likewise
> Bra(b,n).(3.2.3.2.1.2) . Ket(b, m)
< b ‘ U ‘ b > = < a | b > (3.2.3.2.3.3)
>

2.4) Show that 4and A =UA U" have the same spectrum

IfA=UAU", then by definition the eigenkets of A are | ﬂa > =U | Au > and we need

to prove that A | A o > = | ﬂa >

> Setup (redo, quantumoperators = { A, A}, unitaryoperators = {U})
[ quantumoperators = { A, A, U}, unitaryoperators = { U} ] 3.2.3.24.1)

> U.Ket(4,0) =Ket( A, o)
U- | 4, > = ‘ f(a > (3.2.3.2.4.2)

> UA Dagger(U)=A
vAaUt =7 (3.2.3.2.4.3)

Multiply these two equations and use * instead of . , in order to have the product
represented but not computed

> (3.2.3.2.4.3) - (3.2.3.2.4.2)
vaut (U] 44 )) = A, (3.2.3.2.4.4)

The left-hand side can be rewritten performing the product

> Ihs((3.2.3.2.4.4)) = eval(lhs ((3.2.3.2.4.4)), * = ")
UAUT(U-|AO(>)=OL(U-|AO(>) (3.2.3.2.4.5)



> subs((3.2.3.2.4.5), (3.2.3.2.4.4))

o (U] 4,)) =T, (3.2.3.2.4.6)
> subs((3.2.3.2.4.2), (3.2.3.2.4.6))
oA )= A (3.2.3.2.4.7)

In conclusion, after an unitary transform, an eigenvector of the initial operator is an
eigenvector of the new operator with the same eigenvalue.

>

3) Schrodinger equation and unitary transform

Consider a ket | v, > that solves the time-dependant Schrodinger equation:

) 0
i-h E‘\VJ:HW v,
and consider

[0)=VO v,
where U (¢) 1s a unitary operator.

Does | o, > evolves according a Schrodinger equation

.. 0
1-ha—t|¢t>=3€(t)|¢t>

and if yes, which is the expression of # (¢)?

> restart, with(Physics ) : interface(imaginaryunit =1i) :
> Setup (mathematicalnotation = true, quantumoperators = {# }, hermitianoperators
= {H}, unitaryoperators = { U}, realobjects = {t, h})
[ hermitianoperators = {H }, mathematicalnotation = true, quantumoperators  (3.2.3.3.1)
= {#t, H, U}, realobjects = {h, t}, unitaryoperators = {U}]
> PDEtools:-declare( (U, H, #) (1))
U(¢t) will now be displayed as U



H (t) will now be displayed as H
#€ (t) will now be displayed as #

> Ket(o,t) = U(t)-Ket(, )
[0)=U]w,)
Since U is unitary, this equation also implies on
> simplifp(U(t)" - (rhs = Ihs) ((3.2.3.3.3)) )
[v,) = U] )
Compute now the evolution of | 0, >

> i-h-diff ((3.2.3.3.3), 1)
ih|q)t>[=ih (Ut|\|/t> + U|\|/t>t)

Simlpify this equation taking into account Schrdédinger's equation for y :

.. 0
> in m Ket(y, t) = H(t) Ket(, t)

ih‘\"t>t:sz>
> Simphﬁ/((3.2.3.3.5), ((3.23.3.6)}, {% Ket(, 1) }j

1UH |y
o) i (- 1))

Inserting here | v, > Al | 0, >

> subs((3.2.3.3.4), (3.2.3.3.7))

(3.2.3.3.2)

(3.2.3.3.3)

(3.2.3.3.4)

(3.2.3.3.5)

(3.2.3.3.6)

(3.2.3.3.7)

(3.2.3.3.8)

iUH (U o .
o) =in ( <h L Y (UTIM))
Therefore, | ¢, > evolves according a Schrodinger equation where the #€amiltonian is given

by

> #(t) = Coefficients (ths ((3.2.3.3.8)), Ket( 0, ) )
#=inU U+ UHU

Since #¢ is a Hamiltonian, it must be Hermitian

> simplify(Dagger((3.2.3.3.9)) — (3.2.3.3.9), size)
#t—#=—in(U,U"+UU")

(3.2.3.3.9)

(3.2.3.3.10)



Recalling that U(¢) satisfies

> U)-U@) =U(t) - U(t)

uu =1 (3.2.3.3.11)
> diff ((3.2.3.3.11), 1)
uuUut+uut =0 (3.2.3.3.12)
> subs((3.2.3.3.12), (3.2.3.3.10))
ot —7=0 (3.2.3.3.13)
>
4) Translation operators
—ip() X —ix(1) P

In this section, we build two unitary operators: U(¢) = e h and 7'(¢t) =e e
where X is the position operator along the x axis, P the momentum operator along the same
axis; p(¢) and x(¢) are arbitrary time dependent real parameters. Since both X and P are
Hermitian, according to section 1, U(#) and T'(¢) are unitary. Additionally, there is an
important property that should be taken into account, X and P do not commute:

[X,P]_=ih

d
[4.7(B)]- = [4, B]_ 5 J(B)

—ip(n) X
4.1)U(t)=e¢ " induces a translation of p

> restart, with(Physics ) : with(Library) : interface(imaginaryunit=1i) :

> PDEtools:-declare( (p, x, U, T) (1))
p(t) will now be displayed as p
x(t

)
(1)
U (t) will now be displayed as U
T(t) will now be displayed as T 3.2.34.1.1)

will now be displayed as x

> Setup(mathematicalnotation = true, hermitianoperators = {P, X, H},

quantumoperators = {U, T}, realobjects = {t, h, a, p(t), x(t),0})

[hermitianoperators = {H, P, X'}, mathematicalnotation = true, 3.2.34.1.2)



quantumoperators = {H, P, T, U, X'}, realobjects = {h, a,t,9,p, x}]
> Setup (algebrarules = {%oCommutator (X, P) =1-h})

[algebrarules ={[XP]_= 1 n}] 3.2.3.4.1.3)
> Ut = exp(— %Xp(t))
—ipX
U=e " (3.2.3.4.1.4)

First, since U(t) commutes with X, U has no effect on X

> (3.2.3.4.1.4)-X-(3.2.3.4.1.4)
—ipX ipX
UxU'=e " xe® (3.2.3.4.1.5)
> simplify((3.2.3.4.1.5))
Uxut=x (3.2.3.4.1.6)

Now, let's evaluate how P is transformed by U

> (3.2.3.4.1.4)-P-(3.2.3.4.1.4)
—ipX ipX
UPU'=e * pe® (3.2.3.4.1.7)

For that purpose, one needs to know the commutator between P and U, in turn a
consequence of =i#h

> (%Commutator = Commutator) (P, exp ( - % Xp(2) ) j

—ipX —ipX
Pe " =-pe (3.2.3.4.1.8)

Let's add this commutator explicitly
> Setup((3.2.3.4.1.8)) :

Now the operation can be simplified

> (3.2.3.4.1.7)
—ipX ipX
UPU =¢ " pe® (3.2.3.4.1.9)
-1Xp(t
> SortProducts ((3.2.3.4.1.9), [P, exp( ITP()) s usecommutator)
—ipX —ipX ipX

uvrUt = (P e " +pe ) e " (3.2.3.4.1.10)

> simplify((3.2.3.4.1.10))

(3.2.3.4.1.11



UPU ' =P+p (3.2.3.4.1.11)
Therefore, P has been translated by an amount p(¢).

>

This result can be generalized to arbitrary powers of p.
> (3.2.3.4.1.4)-P*-(3.2.3.4.1.4)"

—ipX ipX
UPU'=e " Pet (3.2.3.4.1.1.1)
> SortProducts ((3.2.3.4.1.1.1), [P, exp( _1);&) s usecommutator)
—ipX —ipX ipX
v Ut = (Pe hoppe M ) Pe " (3.2.3.4.1.1.2)
> Simplify((3.2.3.4.1.1.2))
UPU =P +2pP+p (3.2.3.4.1.1.3)
> (P+p(1)
(P+p)? (3.2.3.4.1.1.4)
> expand((3.2.3.4.1.1.4)) = (3.2.3.4.1.1.4)
PP4+2pP+p°=(P+p)? (3.2.3.4.1.1.5)
> Ihs ((3.2.3.4.1.1.3)) = simplify (rhs ((3.2.3.4.1.1.3)), {(3.2.3.4.1.1.5)})
UPPU = (P+p)? (3.2.3.4.1.1.6)

It's possible to demonstrate the general relation: U-P"-U' = (P + p)", where n is a
positive integer. The result has been demonstrated above for n = 1 and n = 2.
Assuming that the equality is valid up-to #, let's demonstrate it for » + 1. Indeed,

since UT U=1:

vPt'u'=uPPpul=uP vt uPU = (P+p)" (P+p)=(P+p)" !

So, in a general manner, given f, a commutative mapping that can be decomposed
into a formal power series in all the complex plan, one have:




From wheree " f (P)e " is atranslated copy of / (P) by an amount
-p(1).

—ix(t) P

4.2)T(t)=¢e " induces a translation of x

> T(1) = exp( -+ Px(t))
—ixP
T=e¢ (3.2.3.4.2.1)

Like in the previous section, 7'(¢) commutes with P; T leaves then P unchanged

> Simplify((3.2.3.4.2.1)-P-(3.2.3.4.2.1) ")
—ixP ixP
TPT'=e "™ pel (3.2.3.4.2.2)
> (%Commutator = Commutator) (X, exp ( - % Px(t) ) )
—ixP —ixP
X,e " | =xe " (3.2.3.4.2.3)
> Setup((3.2.3.4.2.3)) :
Evaluating now
> (3.2.3.4.2.1)-X-(3.2.3.4.2.1)
—ixP ixP
TXT'=e "™ Xxeo® (3.2.3.4.2.4)
-iPx(t
> SortProducts ((3.2.3.4.2.4), [X, exp( ITX() ) , usecommutator)
—ixP —ixP ixP
TXT = (Xe o xe M ) e ! (3.2.3.4.2.5)
> expand((3.2.3.4.2.5))
TXT =X—x (3.2.3.4.2.6)



Classical Field Theory

The field equations for a quantum system of identical particles

Problem: derive the field equation describing the ground state of a quantum system of identical
particles (bosons), that is, the Gross-Pitaevskii equation (GPE). This equation is particularly
useful to describe Bose-Einstein condensates (BEC).

Solution

Two steps:

* Construct the Lagrangian for the system, and with it write the action
functional

» Minimize the action by equating to zero its functional derivative with respect to the boson
field.

> restart, with(Physics ) : with(Physics[ Vectors ]) :
> interface(imaginaryunit=1i) :

> macro(Psi=psi(x,y,z,t)) :

> PDEtools:-declare( (W, V) (x,y,z,t))

v (x, ¥, z, t) will now be displayed as ¢
V(x,y, z, t) will now be displayed as V (3.3.1.1.1)

The energy density £ for a quantum system of identical boson particles is (see [3])

h? . .2 2, G .4
> E = —— Norm(%Gradient(Psi))” + V(x,y,z,t) abs(Psi)” + > abs (Psi) ’;

2m
2 4
_ 2V 2, Gly
Gy’
y(x,y,z,t) is acomplex field, V' (x, y, z, t) an external potential, the term T‘V is the

atom-atom interaction.

> Setup (realobjects = {t, m, h, G, V(x,y,z,t)}) :

The Lagrangian density L in terms of the Energy £



> L= (%) (comjugate(Psi) diff (Psi, t) — Psidiff (conjugate(Psi), t))-E

S G A7) I ]

L= > — ™ —Viyl" — — (3.3.1.1.3)
Construct the action and equate to zero the functional derivative
> 'Fundiff' (Intc(L, x,y, z, t), psi) =0

T L (T2 7 IO "7 e
( 5‘4!] [ 7 — T — Vvl (3.3.1.14)
4
—G|2\II| ] xdydzde=0

> (3.3.1.14)

Ry, vy, Ry —2m (Gﬁ2w+iq7th+q71/)

-0 (3.3.1.1.5)

2m
Make the Laplacian explicit
> (Laplacian = %Laplacian) (Psi)

2

V. . + v, + v, .=V (3.3.1.1.6)

> simplify (conjugate((3.3.1.1.5)), {(3.3.1.1.6) })

2y 26 YmA2ihym—2yVm

T + T =0 3.3.1.1.7)
The standard form of the Gross—Pitaevskii equation:
> ihisolate((3.3.1.1.7), diff (Psi, t))
h2 2 .
" k4 +G\|12\|Im+\|JVm
iy = p (3.3.1.1.8)
> collect(convert(expand((3.3.1.1.8)), abs ), psi)
2 72
iy h= (G +7)y— . m"’ (33.1.1.9)

>

V The field equations for the » " model



4
The Lagrangian of the A @ model, the corresponding Action, and the field equations:
> restart, with(Physics) :

> Coordinates (X))
Default differentiation variables for d , D _and dAlembertian are: {X= (x1,x2, x3,

x4)}
Systems of spacetime Coordinates are: {X= (x1,x2,x3,x4)}
{X} (3.3.2.1)
> PDEtools:-declare( ® (X))
D (x1, x2,x3, x4) will now be displayed as O (3.3.2.2)
2
1 m 2 A 4
> L= d_u(CD(X) ) d_u(CI)(X)) - 5 QX))+ (T D (X) )
3 (@) (94(D) ) 2 4
() ()
L= (4, )2< ) - m2 + 7‘4 (3.3.2.3)

4
— + ] xl dx2 dx3  (3.3.2.4)

x4
> '"Fundiff' (S, @)

[8 j © o o w[(au(q’))(a”(q’)) o D

— x/ dx2 (3.3.2.5)
Sq) -0 Y- Y-00

x3 dx4
> (3.3.2.5)

~0(0) — @ (-0 A+ m?) (3.3.2.6)

¥ Maxwell equations departing from the 4-dimensional Action for
Electrodynamics

Maxwell equations result from equation to zero the functional derivative o the Action with
respect to the 4-D potential Au

> restart, with(Physics) :



> Coordinates (X))
Default differentiation variables for d , D and dAlembertian are: {X= (x1,x2, x3,
x4)}

Systems of spacetime Coordinates are: {X= (xI,x2,x3,x4)}
{X} (3.3.3.1)

The 4-D electromagnetic potential

> Define(A[mu](X))

Defined objects with tensor properties

{Au, Y O X 058, 8 v € . V} (3.33.2)
> PDEtools:-declare(A (X))
A(x1,x2,x3,x4) will now be displayed as A 3.3.3.3)
The electromagnetic field tensor F' v
> F[mu,nu]:=d [mu](4A[nu](X))-d [nu](4[mu](X));
FM, L= 6u<Av) — <6V <AM) ) 3.3.3.4)
Equate to 0 the functional derivative of the corresponding Action
> '"Fundiff' (Intc(F[mu, nu]"2, X), A[rho]) =0
8 oo [e9) oo [e9) 2 B
[SA] o (GM(AV) — (GV(AM) )) x] dx2 dx3 dx4=0 3.3.3.5)
p
> (3.3.3.5)

(2 (au(av(AV))) —2 I:I(Au))g“’p + (—2 O(4,) +2 (ap(av(A“)))) (3.3.3.6)

g P=0

Simplify the contracted spacetime indices
> Simplify((3.3.3.6))
—4D(AP) + 4 (GM(GP(A”)))zo (3.3.3.7)

The system of differential equations behind this formula in standard Maple notation:

> OFF; convert(Library:-TensorComponents ((3.3.3.7)), diff')

02 1 02 1 02 1 02
4 ( e (X)] +4 ( el (X)) —4 ( e (X)) —4 ( e (3338)




AZ(X))—4( i A3(X)J—4( i A4(X)J=O,4[ i

0x/0x3 0x10x4 oxl?
02 2 02 2 02 1
A*(X) | +4 A*(X) | —4 A*(X) | —4 A'x
)44 [ 00 4 [ 0] 4 gy ')
Y AP(X) | —4 o A* X | =0,4 i A3 (X)
0x20x3 0x20x4 T axl?
a2 APx) | —4 iA3(X) 4O A
x> Oxd> 0x10x3
Y A*(X) | —4 o AYx) | =0,4 o At
0x20x3 0x30x4 ’ oxl>
02 4 02 4 02 1
4 AN X)) | +4 AN (X)) | +4 A x
i ax2” ( )] i ( x3” ( )) i ( 0x/0x4 ( ))
02 2 02 3 B
4 0x20x4 4 (X)J 4 ( Ox30x4 A7) ) 0

>

v General Relativity

Given the spacetime metric,

M 0 0

0 - 0 0

vl o o, sin(6)” 0
0 0 0 ')

a) Compute the trace of
ZP=orP+d PO+ TP
o o o o

where @ = ®(r) is some function of the radial coordinate, RaB is the Ricci tensor, @ is the
o

covariant derivative operator and T’ ch is the stress-energy tensor

gm0 0 0
0 8n 0 0
Toc B: 2 2
’ 0 0 8rsin(0) = 0
0 0 0 8" e

b) Compute the components of



WaB = the traceless part of Zch of item a)

¢) Compute an exact solution to the nonlinear system of differential equations conformed by the

components of Waf’ obtained in b)

Background: paper from February/2013, "Withholding Potentials, Absence of Ghosts and
Relationship between Minimal Dilatonic Gravity and f(R) Theories", by P. Fiziev.

V a) The trace of za“:qmah@amﬁqwraﬁ

> restart, with(Physics) :
Set the coordinates

> Setup(coordinates = spherical)
* Partial match of 'coordinates' against keyword 'coordinatesystems’

Default differentiation variables for d_, D _and dAlembertian are: {X= (r, 0, 0, ) }

Systems of spacetime Coordinates are: {X= (r,0, 0, t) }
[ coordinatesystems = {X} | 34.1.1)

The square of the line element and the metric
> ds2 = exp(nu(r) )dzz—exp(lambda(r) )a’r2 — % dtheta® -1 sin(theta)zaiphi2

ds2 = & af — M g — 2 4t — 2 sin(0)” do’ (3.4.1.2)
> PDEtools:-declare(ds2)

A (7) will now be displayed as A
v(r) will now be displayed as v 3.4.1.3)

> Setup (metric=ds2) :g [ ]

g = (3.4.1.9)

The indicated stress-energy tensor

> T[alpha, beta]= 8-Pi-Matrix(4, (exp(lambda(r)), r2, rzsin(theta)z,
epsilon exp (nu(r))), shape = diagonal )



gme 0 0 0
0 8mr’ 0 0
T, o= , ,
’ 0 0 8mr sin(0) 0
0 0 0 Smee’

> Define((3.4.1.5))
Deﬁned objects with tensor properties

7G 78 2

a e TR TR

{CD Y,0

, R
wow uv u,v,oc,B o, B’ uvocB v, o

)
o, B, v
Solve item a) in one go, that is the trace of Z, defining the tensorial equation

ZP=oRrP+d DB+ TP
o o o o

> PDEtools:-declare(Phi(r))
@ (r) will now be displayed as ®

> Z[mu, nu]=Phi(r) Ricciimu,nu] +'D_[mu](D_[nu](Phi(r)))'+ T[mu, nu]
Z =®R +@<@ ((I)))+T
W, v W, v u\ v W, v

> Define((3.4.1.8))

Defined objects with tensor properties

,0,g T

{@ e © W v’

wow uv G ’Suy\f’

, R T X,7Z
uv, o, p’ oc,B’Cu,v,oc,B’ [T TRRY wov,ol v

€
a, B, u,v}

The answer to a), that is the trace of Zu y

> Z[mu, mu |

> SumOverRepeatedIndices ((3.4.1.10))
-A

2
(I)(v r—=v A r+2v r—47x,)e
r r 14 r,r 14 r _247_[:
4r L 2
(D(vlﬂe_kr—klﬂe_kr+2e_7‘—2) 2¢

+ —_
r2 r

(3.4.1.5)

(3.4.1.6)

(3.4.1.7)

(3.4.1.8)

(3.4.1.9)

(3.4.1.10)

(3.4.1.11)



_ 2 _
(I)ex(v r—v Ar+2v r+4v> veld
r r r r,r r

+ P — > +8me

> show;

d—2 v(r) ] ro(3.4.1.12)

(d

. 2 e M) (rdr qD(V)) N 41r [q)(r)e_x(r) [(i—r\/(r)jzr— [s_r
) (§r0)es (o))

— (S_VV(F))G_W)(;_’" (F)J +8me

V¥ b) The components of w P = the traceless part of z°

Define a tensor Wu v with the the traceless part of ZH y

Z| alpha, alpha]

> W[mu,nu]|=Z[mu,nu| — 1 g [mu, nu]
W=z —Z"‘a P 3.4.2.1
v =L T 1 3.4.2.1)

> Define((3.4.2.1))
Defined objects with tensor properties

D R R T w..,C X,Z ,0 r G 3.4.2.2
{ ua ’YH’ GH’ i, v’ IV, o, Ba o, Ba i, N WV, o, Bs “5 i, N ua gu, Vv’ v, o i, v’ ( )



,€ }
Wvooa, By, v

The matrix components for the traceless Wuv are then

> W[mu,~nu, matrix|

1
vV _
WM—[ -~
r

((-6@, 7 +2v CI)r2+V2(I)r2—r(7\, Or— r
r,r r,r r r 14

+40) v + (3r2q)r—4rq)>7»r+4(brr—4d)) e +4d+ (-16¢

—16)nr2),0,0,0],

I

[o, ;rz((2q>mr2—2vmq>r2+ (v, =% —4r) @

—o (v =rv —4)) et —40+ (—166—16)nr2),0,Ol,

lo, 0, glrz ((2c1>r7rr2—2v”q>r2+ (Pv, =P h —4r) @,

—® (rzvrz—rzvrkr—4))e_x—4(l)+ (—16e—16)nr2),0],

1
[o,o,o, 2((2q> P2y q>r2+v,2q>r2—r(x,cpr+3cp,r
8r 7 rr ! ! ’

V c) An exact solution for the nonlinear system of

(3.4.2.3)

differential equations conformed by the components of

w B
o

Create an ODE system with the nonzero components of WHV

> odesystem = map(u — rhs(u) =0, rhs (W[mu,~nu, nonzero]))
1
ode = = ((ZCDﬁ r2—2\/ ﬁ(l)r2+(rzv—r27b—4r>q)ﬂ
system 8 1’2 rr r, 7 r r 7

(3.4.3.1)



—<I)(rzvrz—rzvrkr—4))e_7”—4(l)+ (-16e—16) /7 ) =0,

1
&r

2

((—6(I)r’rr2—|—2vr’r(I)r2+Vr2(I)r2—r(erI)r—(I)rr—I—4CD) v

+ (3;”2<I)r—4rq)>7\,r+4(l)rr—4q)) et +ad+ (—16e—16)nr2)

b
8r2

:O’

—4®)v 4+ (D FArO) L +4D r—4D) e 4D+ (48¢

+48)ms?) =0}

> Cases = simpliﬁ/( [PDEtools:—casesplit(ode )], Size) :

system

There are three cases

> nops(Cases)

> map (length, Cases)
[5399, 1661, 405 |

An exact solution for Cases[3]

> sys[3]:= op(1, Cases[3])

2
- 4 +1
sysy = lek mr (€ ),kZO,V

¢ r

Arer v F2 7 n e+ 1)V + D+ (det )

2/ (e + 1)

> constraint, subsystem = selectremove(has, sys[3], exp)

2
- 4n + 1
constraint, Subsystem = [e A_ r (E ) }’

2
e+ ) v 2P (et )V + P+ (det+d)m

A =0,V
r r,r

2/t e+ 1)

> SOlsubsystem = dsolve(subsystem, explicit)

((2@ 242y cbr2+v2c1>r2—r(x Dr+30 s
r,r r,r r r r

(3.4.3.2)

(3.4.3.3)

(3.4.3.9)

(3.4.3.5)

142K



sol = |d= _CI/* v= (3.4.3.6)

subsystem

) 1 In (32e+32)n+4 CI
2
T (et+ 1) J@Be+8)n+ CI
n(e+1)r YEEFD 02— 3

net+1) +n() (JBe+r8)n+ ¢l —2Jmn(c+1)) |,aA=_c2

Specialize one of these constants using the constraint

> eval ( constraint, solsu bsys tem)

- C2_ 41 (E+ 1)
e —_ Cl 3.4.3.7)
> solve((3.4.3.7), CI)
4 1
Cl=- LCJ;) (3.4.3.8)
e -
The exact solution
> solution = subs((3.4.3.8), SOlsubsys tem)
47 (e+ 1)
solution == |® = - —e , V= (3.4.3.9)
e -
l6m (e+ 1)
(32e+32)n — ——(75—
1 e -
- In 3
m(e+1) _ An(e+1)
/(8€+8)n -2
m(e+1) r mlet 1) C2— C3




n(e+1)+hﬁﬂ[//me+8)n—4wgigu—2Jn(e+1) A

C2

Verifying this result

> odetest(solution, Odesymm)

{0} (3.4.3.10)

>

The Physics Project

"Physics" is a software project at Maplesoft that started in 2006. The idea is to
develop a computational symbolic/numeric environment specifically for Physics,
targeting educational and research needs in equal footing, and resembling as much as
possible the flexible style of computations used with paper and pencil. The main
reference for the project is the Landau and Lifshitz Course of Theoretical Physics.

A first version of "Physics" with basic functionality appeared in 2007. Since then the
package has been growing every year, including now, among other things, a
searcheable database of solutions to Einstein equations and a new dedicated

programming language for Physics.

Since August/2013, weekly updates of the Physics package are distributed on the web,
including the new developments related to our plan as well as related to people's

feedback.



