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We present symmetry classification and exact solutions of generalized modified
Boussinesq (GMB) equation. The direct method of group classification is utilized
to determine four different functional forms of f(u). The GMB equation admits
two-dimensional principle algebra for arbitrary f(u) and the algebra extends to
three-dimensional for other forms of f (). Similarity reductions are made in each
case and exact solutions are derived.
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1. Introduction

Joseph Valentin Boussinesq (1842-1929) derived an equation for the propagation of long
waves on the surface of water with a small amplitude. There have been several general-
izations of the Boussinesq equation such as the improved Boussinesq equation, modified
Boussinesq equation, or the dispersive water wave. Here we study the generalized modified
Boussinesq (GMB) equation which describes the nonlinear model of longitudinal wave
propagation of elastic rods and is governed by [1,2]

U — SUppxy — (f(u))xx =0, (fuu #0) (D

where § is a nonzero constant and f(u) is an arbitrary function. It plays an important
role in nonlinear lattice waves, iron sound waves and vibrations in a nonlinear string. The
arbitrary functions arise in differential equations can be obtained from physical laws or
experiments but in some cases they cannot be deduced. The method of group classification
can be used to determine the forms of functions in those cases. The GMB equation has been
studied extensively using numerical and analytical approaches. Bogolubsky [3] derived
exact solitary wave solutions of GMB equation for f(u) = bju + byuPt! + b3u?P+!
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when p = 2,3,5. The explicit solitary wave solutions of GMB equation for f(u) =
biu + bou® + b3u5 and f(u) = bu+ bou® + b3u3 using the method of solving algebraic
equations were derived by Li and Zhang [4], Zhang and Ma [5]. In [1], the homotopy
perturbation method is used to derive the approximate solutions of GMB equation. This
approach involve approximations and solution may not converge. A similar problem arises
in numerical schemes as well. The Lie classical and nonclassical methods are used to derive
some exact solutions of different classes of Boussinesq equations, for good account of these
see e.g. [6-8] and references therein.

In this manuscript, we give symmetry classification, optimal system, and exact solutions
of GMB equation. The symmetry group method is one of the most efficient instrument for
solving linear and nonlinear partial differential equations. We utilize the group classification
method to determine the four functional form of f (). We show that when f () is arbitrary
then GMB equation possesses two-dimensional algebra. For other forms of f(u), the Lie
algebra of GMB equation is extended to three-dimensional. We construct the optimal system
[9,10] for each form of f(u) and also derive the independent exact solutions.

2. Symmetry classification and exact solutions of generalized modified Boussinesq
equation

In this section, we provide complete classification for classical Lie symmetries and exact
solutions of Equation (1). The vector field of the Lie point symmetries is

1 0 2 a d
X =£'(t, x, u)5+$ (, x, u)a + oz, x, M)E. )

The Lie point symmetry generators of Equation (1) are found by applying the invariance
condition [10-12]

XWuy — Sugrex — (f @)xx] 11)=0, 3)
where
X = X g e o b G e+ G
B taut x3ux 1 8I/ln lX 8u,x xx 3uxx ”t 8uttt
+ ° 4 - ° - !
{ttx au,tx é‘txx aut” gxxx auxxx {tttt 8umt {ttt)( Bun,x
0 0 0
+ gttxx — + é‘txxx — + gxxxx ~ (4)
OUsrxx OUsxxx OUxxxx
In Equation (4 ) ¢s are given by
& = Di(¢) — u;D;i(§7),
Gj = Dj(&) —uiD;(E"),
Cijk = Di(&ij) — uij 1 Di(€),
Gijkm = D (Gijk) — tijii Dm(E)), i, j k.1 =1,x, (5)

where D, is the total derivative operator. Equation (3) after expansion and then separation
with respect to the powers of different derivatives of u yields following over determined
system in unknown coefficients &', £2 and ¢:
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. =0, &=0, &=0, & =0, (6)
é)%x =0, szlt —2¢u =0, (7)
Guu =0, ¢y =0, ¢r=0, ®)
28 — DE + (1 = 8)¢y 4+ 2882 =0, ©)
21— 8)E2fu + (8 — Dpu fu — dfuu — 288! fu =0, (10)
2(1 = 8)&2 fuu + (6 = Du fuu — & fuuwu — 288! fuu = 0. (11)
If f(u) is arbitrary in u then Equation (1) admits
X =2 _
ot 0x

that forms two-dimensional principle algebra. Now we investigate all the possibilities of
f (u) for which extension of the principle algebra is possible.

Substituting 28, + 28&2 = (§ — 1)@, + 2£,' from Equation (9) in Equations (10) and
(11), we obtain

207 = &) = ¢fun =0, (12)
2 fuu&7 — &) = @ fuuu — du fuu = 0. (13)
After simplification of Equations (12) and (13), we have
S = i Fure + b fu fuu = 0. (14)
Differentiating Equation (14) and subsequent elimination of ¢ gives
Sutuu fuw + Fi Fuue = 2 fu fiu = . (15)

Replacing g = f,, in Equation (15) transforms to

S | Su _p8um _y), (16)
Suu 8 8u

Solving Equation (16) for g and then using relation g = f,, lead to the following four forms

of f(u) (see [13])

(@ f(u)=aef" +y, (17)

(b) fu) =au’+ Bu—+y, (18)
1

© flu)= w . (19)

d) fw)=(u+p)"+y, n#0,1,2, (20)

where «, f and y are arbitrary constants.
Now we find the symmetry algebras for each form of f(u) in the following cases.

Case I: Lie Symmetries, optimal systems and exact solutions of (1) for f (1) = aef* +y
If f(u) = aef* + y, then Equation (1) becomes

Uit — Sttpgny — afePu® — afePuy, = 0. 1)
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Table 1. Commutator table of the Lie algebra of Equation (21).

[Y;, Yl Y Y, Y3
Y 0 0 BX1
Y 0 0 0
Y3 —BXq 0 0

Table 2. Adjoint representation of Lie algebra of Equation (21).

Ad Y Y Y3
X X X2 X3 —BrX
X7 X X5 X3
X3 eﬂVXI X> X3

Solving the determining Equations (6)—(11) with f(u) = aePt + y lead to the following
three Lie point symmetries:
X = 0 X, = 0 X3 = pt 0 2 0

YTar T T T T
In this case, the principle algebra is extended to three-dimensional. Now we find the optimal
systems of these operators.[9,10] The commutation relation between these operators is given
in Table 1.

The adjoint representation of the Lie algebra of Equation (21) is defined as

(22)

1
Ad(exp(y X)X ;) = Xj —y[Xi, X;1+ EVZ[XI', [Xi, X1 — ... (23)

Using Equation (23) we find the all adjoint representation of Lie algebra of Equation (21)
listed in Table 2.
The optimal system of one-dimensional subalgebra admitted by Equation (21) are [9,10]

X1, X3, cXi+Xo, Xo+4cX3, c#0. (24)

Next we use this optimal system to find the exact solutions of Equation (21).
Solution of (21) using X1: The characteristic equation corresponding to X is

dt dx du
222 (25)
1 0 0
which turns into
r=x, s=t, v(r)=ult x). (26)

Equation (21) with the use of (26) reduces to

/Svf + v = 0. 27
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The solution of Equation (27) is

v(r) = W. (28)

u(t, x) = w (29)

is a solution of Equation (21) invariant under X.

Solution of (21) using X3: Using X3 = ,3t— — 23‘2 we obtain

In(z) 21In(t) + Bul(t, x)

Thus

r=x, s=——, v(@ir)=—"——"—".7—#¥9¥¥—¥9¥4+——. 30)
B B
Equation (21) in terms of new coordinates gives rise to
—ap’eP v} —ap?elu, =0, (31)

which can be integrated to obtain exact solution of Equation (21) as

1 <x2 af’ex + a,82d>
In

u(t,x) = — e

Solution of (21) using X = ¢X| + X»: The similarity variables for operator X = cd/dt +
d/0x are

(32)

—t t
r="0 5= w0) =ul, ), (33)
c c
which gives the following version of Equation (21)
Vrr — 8Vprrr — ap?cePPv? — afc?ePu,, = 0. (34)
This implies
v(r) — v — ac’eP? =0 35)
and the solution is given by the following integral equation
B
dv—r—c =0, (36)

V8B2v2 — 2aB8c2ePV + B252¢)
where r = =L and v(r) = u(t, x).
Solution of (21) using X = X» 4 ¢X3: The similarity variables for operator X = 9/dx +
c(ﬂt% — 2%) are
—In(z In(z 21In(t t,
O tepx @) 20+ fult v a7
B cp B

which gives the following version of Equation (21)

(1 = cB8)vr — 8vpprr — af*c?eP v} — ap?c?eP v, + cpv, = 0. (38)
This implies
(1 = ¢cB8)vy — 8vprr — aB3c?ePv, + cBv = 0. (39)

The Lie symmetries, optimal system, reduced form, and exact solutions for other cases for
f () of modified Boussinesq equation are presented in Table 3.
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Table 3. Lie symmetries, optimal system, reduced form, and exact solutions for different form of
f (u) of modified Boussinesq equation.

Modified Boussinesq equation: urr — Ougrxx — (fW)xx =0
Case Il
fan au® + Bu+y
GMB equation sy — Suugrxy — 20u> — Qau + Buxy =0

. . . _ 0 _ 0 — 9 0
Lie point symmetries Xy =3, Xo=47, Xz=-arg+Qau+pfy;
Optimal system X1, X3, cX1+X2, Xo+cX3, c¢#0
Reduction via X 20(1),2 + Qav + Bvyr =0

Solution via X

2
A Brt+4acx+4ad—
u(t,x) = B Hdacxtdad—f o B

Reduction via X3 6v — (68 + 2av) vy — 2avr2 =0
22 2_p02

; ; “+38+2acx+x"—pt
Solution via X3 u(t, x) = &£ 23;2)6 x—p
Reduction via c X1 + X (1 - ﬂcz)v —Svpp — acv? =0
Solution via cX + X + /38 dv—r—cy =0,

R B J 300 32w 130ke, | T2
==L v = u(t, x)

Reduction via X5 4+ cX3 (1 - 2802c? — 20[3621))‘Urr — SVrprr + 380Ccvryy

—3acv, — 2a302vr2 +2a2c¢2v =0

Case II1
f D 4y
GMB equation (ou + ,B)zutt —d(au + ﬁ)zunxx + oeu% —(au+ Buxy =0
Lie poi ; -9 -9 — ot d 0

point symmetries X1 =3, Xo=4y, Xz=oatz+ Qau+2p);
Optimal system X1, X3, cX1+Xo, Xo+4cX3, c¢#0
Reduction via X av? — (av(r) + B)vyr =0

dx+Be _
Solution via X u(t,x) = &fﬁ
Reduction via X3 20203 — (20{28v2 + av)vyr + Otv,2 =0
1 202440350 3502 +da2u+ L
o :anmn[ N T J4a3 502 +4ar v+0%]«/1
Solution via X3 5
3

(Continued)
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Table 3. (Continued).

Modified Boussinesq equation: u;; — Sutsrxx — (f(U))xx =0

2 [4a3502+4a2v+ L
‘1
%+4a2v+7

<
q 1

+cqln [ -

v
au(t,x)+p
at?

r—cy=0,r=x, vr)=

2
Reduction via cX1+ X»p v — vy — M =0
:i:f ad
Va28v2—2a8c2v(In(@v+8)) —265c2 (In(arv+B))+2c20av+2c2 Bo+c| a25>

—r—cy=0, r=<= y(r)=u(,x)

dv

Solution via cX| + X»

Reduction via X + ¢ X3 202c203 — 3ozcv2vr + otczvr2 + (v2 +202c%02 - ozczv)vrr
—3acv2vrrr — 5v2vr,rr =0

Case IV
Su) (au+p)" +y
GMB equation g — Sugrxy —a2n(n — 1)(au + )" 2u2
—an(ou+ )" lug =0
Lie point symmetries X1 = % Xy = % X3 =—a(n— 1)1,‘% + Qou +2/3)%
Optimal system X1, X3, cX1+Xy, Xo+cX3, c¢c#0
Reduction via X a(n — l)vr2 + (v + Bvyr =0
1
Solution via X u(t, x) = dnetaen)r -p
Reduction via X3 200+ Dv— 28 + 1) + na" (n — D20 Yy,
—na'(n — 1)31)”_2113 =0
Solution via X3, n =3 u(t,x) = M
32t
Reduction via cX| + X v —Svpp — cz(av +B)" =0
Solution via cX| + X + ad(ntl) d
olution via ¢ X + X2 f «/(a(S(n+1))(anv2+av2—2cz(av+ﬁ)"’l+<16qn+a5c v
—r—c=0 r=%=L v@r)=u, x)
Reduction via X» + ¢X3 (14202 — nc2a™ 20"y, — Qa2c + acn + 1)v,

—(20[2(3 +ac(n + 1)) vrrr — 8Vpprr + czof”v”_zvr2 +2a2cv =0
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3. Conclusions

In this article, we discussed group classification and exact solutions GMB equation by using
Lie theory. We classified four forms of the function involved in GMB equation. We construct
Lie point symmetries with respect to different forms of f (). These forms have exponential,
quadratic, logarithmic and power law form. We found four exact solutions with exponential
form, three exact solutions with quadratic form, three exact solutions with logarithmic form,
and three exact solution with power law form of f (u). Most solutions are of explicit form
and one integral form in each case. To the best of our knowledge, the solutions obtained
here are not obtained in literature. The derived solutions cannot be interpreted physically
due to lack of experimental sources, however these solutions will play an essential role for
numerical simulations in applied mathematics.
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