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1. Introduction

The Klein-Gordon equations can accurately model many essential phenomena in physical and chemical sciences. In this
paper, we concentrate on the nonlinear Klein-Gordon equation as follows:

utt_auxx_,guyy"'g(u):f(xay,t), *x,y) e, t>0, (1.1)

where u is a function of x, y and t, g is a nonlinear function and f is a known analytic function. The type of Eq. (1.1)
depends on the forms of g(u). In the case of g (u) = sinu, Eq. (1.1) is the Sine-Gordon equation involving the d’Alembert
operator. The Sine-Gordon equations have been successfully applied to model many physical problems [1-3], including
applications in relativistic field theory, Josephson junctions or mechanical transmission lines [4]. It is known to all that
soliton solutions appear in the 1D and 2D Sine-Gordon equations [5]. A wide range of analytical/numerical methods [6-22]
have been proposed for the numerical solution of Klein—-Gordon equations. Among these methods, the spectral methods [7,
8], radial basis functions methods [15,17] and wavelets methods [23,24] deserved a lot of attention in the literature.

Due to the advantages of wavelets, such as orthogonality, multiresolution analysis and computational efficiency, it has
made a lot of successes in many different fields of science and engineering [25-32]. Wavelets permit the accurate represen-
tation of a variety of functions and operators. Moreover, it can establish a connection with fast numerical algorithms [32].
The spectral method has the advantage of “exponential-convergence” property when smooth solutions are involved. There-
fore, it has been playing an important role in the numerical solution of partial differential equations. The choice of the basis
function is vitally important for spectral method. Orthogonal polynomials are usually chosen to be basis functions. The
wavelet basis can combine the advantages of both infinitely differentiable and small compact support [33] which inherit
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from both spectral and finite element basis. Further, the differentiation matrices of the spectral collocation method are dense
in all dimensions, and it is generally complex and difficult to solve multi-dimensional problems by the Galerkin method. In
contrast to aforementioned methods, Legendre wavelets method is easy to extend to multi-dimensional problems and its
operational matrices are sparse, have lower dimension and equal on every subinterval [34]. Therefore, spectral collocation
methods based on Legendre wavelet basis can obtain good spatial and spectral resolution while still keeping high efficiency.

Recently, A. Karimi Dizicheh et al. [35] proposed an iterative spectral collocation method based on Legendre Wavelets for
solving IVP on large intervals. Motivated and inspired by the ongoing research in these areas, we develop a new effective and
exponential convergent method, which combines the spectral method with the Legendre wavelets method, for numerical
solution of Klein/Sine-Gordon equations. The organization of the remainder of this paper is as follows: In Section 2 we
describe the basic formulation of Legendre wavelets and the operational matrices required for our subsequent development.
The Legendre wavelets spectral collocation method is described in Section 3. Some numerical results of the proposed method
for three 1-D examples and one 2-D example are given in Section 4. Conclusions and summary are made in Section 5.

2. Basis function of spectral method for limited domains

2.1. One-dimensional Legendre wavelets

In this section, the definition and some properties of 1D Legendre wavelets, which are first given by Razzaghi, M., and
Yousefi, S., [32] are introduced here. For more details see Refs. [30,32].

2.1.1. The definition of one-dimensional Legendre wavelets

Legendre wavelets are derived from the shifted Legendre polynomials by dilation and translation, and have four argu-
ments 1 = 2n — 1, k can assume any positive integer, m is the order for Legendre polynomials and t is the normalized time.
They are defined on the interval [0, 1) as follows:

A A

k K R n—1 n+1
an(f)={ m+1/222Ly (2t — @), for o <t< T (2.1)

0, otherwise

wherem=0,1,2,..., M—1, n=1, 2, ..., 2% 1. The coefficient ./m + 1/2 is for orthonormality, the dilation parameter
a = 2% and the translation parameter b = i2~. Here, L, (t) are the well-known Legendre polynomials of order m.
A function f (t) defined over [0, 1) may be expanded by Legendre wavelet series as

+00 +00
f@= Z Z CrmVnm (L), (2.2)
n=1 m=0
where
Com = (f (£), Yam (D)), (2.3)

in Eq. (2.3), (-, -) denotes the inner product.
If the infinite series in Eq. (2.2) is truncated, then it can be rewritten as

2k=1p—1

FO=)3" comam () =¥ (D), (2.4)

n=1 m=0

where C and W(t) are 2¥"'M x 1 matrices defined as

T
C= [C]o, Cit, -+ -5 CiM—1,€C205 - - -, QM —15 - - -, Cok=10g5 - - -, Czk—lM_]] (25)

and

v (t) = [Wlo (t) P WH (t) P 1le—l (t) P Wquo (t) P wzkflm_l (t)]T . (2-6)

2.1.2. Operational matrix of derivative
One dimensional Legendre wavelets operational matrix of derivative was derived by F. Mohammadi [30]. In this section,
we just list the theorem and corollary as follows.
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Theorem 1. Let ¥ (t) be the Legendre wavelets vector defined in (2.6), then we have

dw (t)

=DV (1), 2.7
dr ® (27)
where D is 2X (M + 1) operational matrix of derivative defined as follows:
F O -0
D= |. . | s (2.8)
00 . F

in which O is an (M 4+ 1) (M + 1) zeros matrix, Fis an (M 4+ 1) (M + 1) matrix and its (r, s)th element is defined as follows:

_2Yer-nes—-1n r=2,....M+1),s=1,....r—land (r +5) odd
A [ otherwise.

Corollary. By using Eq. (2.7) the operational matrix for nth derivative can be derived as
d"V (t)

dtn
where D" is the nth power of matrix D.

=D"W (1), (2.9)

2.2. Two-dimensional Legendre wavelets

In this section, we give the definition and list some theorems of 2D Legendre wavelets which are first introduced by
Nanshan Liu [34]. See Refs. [24,34] for more details.

2.2.1. The definition of two-dimensional Legendre wavelets
Two-dimensional Legendre wavelets in L?(R) over the [0, 1] x [0, 1] in terms of one-dimensional Legendre wavelets can
be expressed as [34]:

v v -1 e n n-1 Y= n .
Wn,m,n’,m/(x, y) — nm(x) n’m’(y)y 2,(71 — X — k—1" Zk/_l — y —_ Zk/_l ’ (2',10)
0, otherwise,

wheren=1,2,...,2",n"=1,2,...,2 " m=0,1,...,M—1andm =0,1,...,M — 1.
The function u(x, y) € L?(R) defined over [0, 1] x [0, 1] may be expanded as

oo o0 o0 X0

uE ) =XOYQ) =Y Y 3> commm Ynmam (. Y). (2.11)

n=1m=0n'=1m'=0
If the infinite series in (2.11) is truncated, then it can be rewritten as

k=T 12K =11

U ) =XQOYWM =Y 3" comaom Ynmat ' (X, Y), (2.12)

n=1 m=0 n’=1 m'=0

1
where ¢y mw.m = [, f01 XX)Y ) Whmw . (%, y)dxdy.
The truncated version of Eq. (2.12) can be expressed as the vector-matrix form

u(x,y) = C'(x,y), (2.13)

where C and ¥(x, y) (see to [34] for more details) are coefficients matrix and wavelets vector-matrix respectively. The
number of dimensions of C and ¥(x, y) are 212K =1MM’ x 1, and given by

C = [€1,01,05 -+ -+ C1,0,1.M'—1> €1,0,2,05 + - + s CLO2ZM/ 15 + + -+ » Cl02€-100 -+ CqoK=1 pr—1s -+ >
C1LM—-1,1,05 - - +» CLM—1,1.M"=15 CLM—1,2,05 - - - s CLM=1.2.M' =15 - - +» Cq pp_q oK'=1 g5+ - =5 O ppq ok =1 ppr_15 -+ -5
€2,0,1,05 - - -5 €2,0,1.M' =15 €2,0,2,05 - - + 5 €2,0.2.M'—15 - - -5 € g oK' —=1 g5+ -5 €y g /=1 ppr_q5 -+ -
C2M—-1,1,05 - - +» C2M—1,1.M"=15 C2M—1,2,05 - - - s CQM—1.2.M' =15 - -+ Cy pp_q oK'=1 g5+ - =5 O g oK/ =1 ppr—15 + -+

T
CZkfl,O,l,O’ ey CZk’l,O.],M’fl’ C2k71,0,2,0’ ey CZk’I,O,Z,M’fh ey CZk_l,O,Zk/_l,O’ ey CZk_l,M—l,Zk/_l,M’—l] (214)
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and
v = [lpl,(),LOv ey W],O,],M/*13 l‘1/1,0,2,05 ey lI/l,O,Z.M’*]» ey '111,0‘21/71,05 ey lI/]yo_yzk’ko/,]s ey
YimM-1,1,05 - Yim—1,1m =1, $1iM=1,2,0, - Yam—12m =15 - Wy o100 s Yo —T ppr-ee
¥2,01,05 - -+ ¥2,01,M—15€2,02,00 -+ > Y202 —15 s Wy g =15 -+ s W g ok—1 g0 e e s
Yom=1,1,05 - s Yam—1,1m =1, Y2am—1,2,0, - - s Yam—12m =15 - Wy =105 oo s Yo g oK1 o e e

T
11/21<—170,1‘0, ey 11/2"’1,0,1.M’71’ lPZkfl,O,Z,O’ ey lpZ"’kO.Z,M’—]? ey lpzk_1’0’2k/_1.0, ey lpzk_l,M—],Zk/_l,M’—l] .
(2.15)

2.2.2. Operational matrices of derivative
Two-dimensional Legendre wavelets operational matrices of derivative were derived by Yin [24]. In this section, we just
list the theorems and corollary as follows.

Theorem 2. Let ¥ (x, y) be the two-dimensional Legendre wavelets vector defined in Eq. (2.15), we have

ow (x,
*y) _ DV (x. ). (2.16)
ox
where Dy is 2k- 12K =1MM’ x 2k=12¥~IMM’ and has the form as follows:
D O ... 0O
o D --- 0
D, =
0 0 -~ D

in which O’ and D is a 2¥ ~'MM’ x 2K ~'MM’ matrix and the element of D is defined as follows:

D..— 2 /@r—1)@s—DI, r=2,3,...,M;s=1,...,r— 1,1 +sisodd
s , otherwise

and 1, 0is a 2¥ 1M’ x 2¥ 1M’ identity matrix.

Theorem 3. Let ¥ (x, y) be the two-dimensional Legendre wavelets vector defined in Eq. (2.15), we have

ow (x,
M =DV (x,y), (2.17)
ay
in which

D O --- 0
o D ... 0

Dy: . . . . )
o o -.- D

where Dy is 28~ 12K~TMM’ x 2=12¥~'MM’ and O', D is an MM’ x MM’ matrix and is given as

D=
O 0 .--- F

in which O and F is an M’ x M’ matrix, and F is defined as follows:

F .- {2"/\/(2r—1)(25—1), r=2,....,M:S=1,...,r—1; andr + sis odd
r,s — 0

otherwise.

’

Corollary 1. By using Egs. (2.16) and (2.17) the operational matrices for nth derivative can be derived as

IV (x, y) ™MW (%, y)
e =D (), o = D) (2.18)
" (x, y)

where D" is the nth power of matrix D.
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3. Legendre wavelets spectral collocation method (LWSCM)

Mehrdad Lakestani [ 19] presented effective and accurate numerical techniques based on the finite difference by employ-
ing cubic B-spline scaling functions for the solution of nonlinear Klein-Gordon equation. Motivated and inspired by their
work, we propose a new effective and exponential convergent method, which combines the spectral method with the Leg-
endre wavelets method, for numerical solution of Klein\Sine-Gordon equations. Compared with the cubic B-spline scaling
functions, the operational matrices of the Legendre wavelets are sparse, equal on every subinterval, and most importantly,
easy to compute. What is more, the hierarchical scale structure of Legendre wavelets can be exploited to develop a fast
algorithm.

3.1. One-dimensional LWSCM

Consider the following form of equation:

Up — Uy + 8 (W) =f (x, 1), X€Q=[x,x], t>0. (3.1)
The initial condition is

u,0=g,(x), x€2,t>0

au (x, 0) (3.2)

T:gz(x), xe R, t>0,

and boundary condition is
u,t)=hx,t), xe€0d82,t>0. (3.3)
In order to use Legendre wavelets basis defined for X € [0, 1]. Hence on the arbitrary interval x € £2 = [x;, Xg], one can use
the transform
X—X
x:lxax] > 0.1, X()=——.
XR — XL
By employing 6-weighted scheme, Eq. (3.1) can be discretized as

un+1 —uh + unfl 82un+1 82un " N
a0 —0le—s ) - A-0agg | +eW) =" (3.4)

where 0 < 6 < 1, At is the time step size and note that u" (x) = u (t,, X) , t, = n x At.
Eq. (3.4) can be rewritten as

2,n

) 0 2(Bu
=20"+(1—0) (A2«

2,,n+1

ox2

d
un+1 _ 9 At 2 -
(At | o 2

) — (At g (u") + (At)* 1 —u" (3.5)
According to Eq. (2.4), the term u" can be expanded by Legendre wavelets as
u"(x) = ChW(x). (3.6)
By substituting Eq. (3.6) into Eq. (3.5), one can have

CT

ToHY () = (CTHR — 1) ¥ (x) — (AD* g (ChW (%)) + (A f" (3.7)

in whichH; = I — a8 (At)>D? and Hg = 21 + & (1 — 0) (At)? D?, where D is the derivative matrix defined in Eq. (2.7).
Using the boundary condition (3.3), one can get

CGa¥ (0 =h@0ti1), C ¥ =h(,t), (38)
Collocating Eq. (3.7) in 2-'M — 2 Gauss-Legendre points {x,-}izi;’w’], one can obtain
G Hi¥ (%) = (CGH — € ) ¥ (%) — (A g (CLW (%) + (A0 f" (xi, 1) - (3.9)

Eqgs. (3.8) and (3.9) can be written as matrix form
AC,,1 =B, (3.10)

where A and B are 2"'M x 2¥"'M and 2¥"'M x 1 matrices, respectively.
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Using the first initial condition of Eq. (3.2), we have
G (x) =g (x). (3.11)
By using the second initial condition of Eq. (3.2), one can get

1 -1

u' —u
2At
Eq. (3.12) can be rewritten as

=g K, xe€0. (3.12)

CT W (x) = CIW (x) — 2Atg, (x) . (3.13)

Eq. (3.10) using Eq. (3.11) gives a linear system of equations with 2¥~'M unknowns and equations, which can be solved to
find C,,¢ ineachstepn =0, 1, 2, .. ., so the unknown functions u (x, t;) in any time t = t,, can be found.

3.2. Two-dimensional LWSCM

Consider the following form of equation:

Up — ol — By +g W) =f Xy, ), (xy) €2, t=0. (3.14)
The initial condition is

uX,y,00=g1xy, x€2,t>0, (3.15)

u(x,y,0

%zgz(x,w, xeQ, t>0, (3.16)
and boundary condition is

u,y,t) =hx,y,t), (xy €092,t>0. (3.17)

In order to use Legendre wavelets basis defined for (X, Y) € [0, 1] x [0, 1]. Hence on the arbitrary interval (x,y) € 2 =
[x1, xg] % [y, yr], one can use the transform

— X y—y
K Y) I xel X e yel > [0,1] % [0,1], X =—"F, Y@E=>"—7".
Xg— X YR =YL
By employing 6-weighted scheme, Eq. (3.14) can be discretized as
n+1 2Ll + un 1 azun+1 aZun+l 82 n n
_— — 0 1-06 M =f" 3.18
a0 <a e TP ) ( )( +ﬁ >+g(u) f (3.18)

where 0 < 6 < 1, At is the time step size and note u" (x,y) = u (ty, X, ¥), t, = n x At.Eq.(3.18) can be rewritten as

, [ " a%u"
32unt1 92unt1 2"+ (1-0) (At +h—-=
1 _gan? [« 4 g2 ) = (A =oan ey +F5 (3.19)
8X2 ay2 2 n 2¢n n—1
— (At g (u") + (AD)* " —u"
According to Eq. (2.13), the term u" can be expanded by Legendre wavelets as
ux,y) = c'(x, y). (3.20)
By substituting Eq. (3.20) into Eq. (3.19), one can have
G HW (x,y) = (CHr — €1 ) W (x,y) — (A’ g (¥ (x, ¥)) + (A0 f" (3.21)

with H, = I — 6 (At)* (@D? + BD2) and Hg = 21 + (1 — ) (At)? (aD? + D2), in which I'is an N x N’ identity matrix,

where N = 2¢""M and N’ = 2¥~'"M’, where D2 = (D,)? and D, = (D, ), matrices D and D, are two-dimensional derivative
matrices with respect to x and y, respectively.
Using the boundary condition (3.17), one can get

cT+1\1:(0 i) = h (0, ¥, tas1) c§+1\11(1 y)) =h(Lyjts1), j=1,2,...,N,

, (3.22)
‘I’(XHO)_h(xlaO tn+l) ‘I’(xu )_h(xlal tn+l) 121,2»--- N

n+1 n+1

Collocating Eq. (3.21) in (N — 2) x (N’ — 2) Gauss-Legendre points {x;}}'5,' x {y; }] ; , one can obtain

Cr HW (i) = (CTHR — C_ ) ¥ (x1, ) — (AD? g (CLW (xi, 7)) + (AD? f™ (xi, yj, tn) - (3.23)
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Table 1
Errors of Example 1 for difference time with At = 0.0001.
t Loo-error L,-error RMS Time (s)
RBFs LWSCM RBFs LWSCM RBFs LWSCM RBFs LWSCM
(100) (24) (100) (24) (100) (24) (100) (24)
1 5.0705e—5 9.4526e—5 2.9474e—4 1.7947e—4 2.0789e—5 3.6633e—5 23 05.16
2 5.0260e—4 9.7933e—4 2.7082e—3 2.0683e—3 1.9102e—4 42219e—4 51 10.33
3 2.0612e—3 3.9740e—3 9.7246e—3 7.9118e—3 6.8592e—4 1.6150e—3 84 15.21
4 6.5720e—3 1.2960e—2 2.7881e—2 2.4427e—2 1.9666e—3 4.9861e—3 120 20.41
5 1.9067e—2 3.7224e-2 7.7337e—2 6.9930e—2 5.4549e—3 1.4274e—2 160 26.03

Eqgs. (3.23) and (3.22) can be written as matrix form
AC,,1 =B, (3.24)

where Aand Bare (N x N') x (N x N') and (N x N’) x 1 matrices, respectively.
By employing the initial condition of Eq. (3.15), we have

QY (x,y) =8 (x.y). (3.25)
By using the initial condition of Eq. (3.16), one can get

u' —uy !
— =g ®xYy, xYy e 3.26
AL £y, &) (3.26)
Eq. (3.26) can be rewritten as
T W (x) =Clw (x) — 24tg, (). (3.27)
Eq. (3.24) using Eq. (3.27) gives a linear system of equations with N x N’ unknowns and equations, which can be solved to
find C;,;1 ineachstepn =0, 1, 2, ..., so the unknown functions u (x, y, t,) in any time t = t, can be found.

4. Numerical examples

In this section, three 1-D examples and one 2-D example are discussed to validate the presented method. Error functions
are defined as

€ = (uexact)j - (uapprox)j » €= Uexact — Uapprox,

lell, = mjaX|€j o el =

4.1. 1D cases

Example 1. Consider the following one-dimensional nonlinear Klein-Gordon equation [17]:

u  %u 3
w—ﬁ+u+u =fxt), xe2=[-1,1]CR,0<t<T, (4.1)

where f (x, t) = (x2 - 2) cosh (x + t) — 4x sinh (x 4 t) + x® cosh® (x + t), subject to the initial conditions

u(x 0)=x*cosh(x), —1<x<1
{ut (x,0) = x*sinh (x), —-1<x<1, (4.2)
and the Dirichlet boundary condition
u,t)=hx,t), x€d2,0<t<T. (4.3)
The exact solution of Eq. (4.1) is
u(x,t) =x*cosh (x+t). (4.4)

Table 1 gives the errors at difference time by using RBFs method [17] and LWSCM. Fig. 1 presents the numerical solutions
of Example 1attimet = 2, 3, 4and 5withN = 24 and At = 0.0001. From Table 1, it can be found that L,-error of LWSCM is
smaller than RBFs while L,-error of LWSCM is bigger than RBFs. Although RMS error is only a little bigger than one obtained
by RBFs, LWSCM needs much less number of grid points and time than RBF.
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N=24 dt=0.0001

N=24 dt=0.0001

0.04 T T

0.03F| —+ 39

0.02

ERROR

0.01

0 el :
-1 -0.8 -0.6 -0.4 -0.2

02 04

0.6

0.8 1

Fig. 1. Numerical solutions of Example 1 at different times with At = 0.0001, N = 24.

Table 2
Errors of Example 2 for ¢ = 0.5, 0.05 at different times t with At = 0.0001.
t Loo-error Ly-error RMS
RBFs (50) LWSCM (9) RBFs (50) LWSCM (9) RBFs (50) LWSCM (9)
c=05
1 5.9964e—06 6.1162e—06 4.0761e—05 1.0686e—05 4.0559e—06 3.5619e—06
2 2.1973e—05 2.2173e—05 1.5769e—04 4.0545e—05 1.5691e—05 1.3515e—05
3 9.0893e—05 9.1296e—05 6.4792e—04 1.6246e—04 6.4470e—05 5.4154e—05
4 8.2945e—04 7.7859e—04 5.3572e—03 1.3453e—03 5.3306e—04 4.4843e—04
c=0.05
1 3.6497e—07 1.0784e—07 1.7861e—06 1.6653e—07 1.7772e—07 5.5509e—08
2 3.8952e—07 1.9920e—07 1.5383e—06 3.5710e—07 1.5306e—07 1.1903e—07
3 4.2123e—07 2.3722e—07 1.7275e—06 4.1971e—07 1.7190e—07 1.3990e—07
4 4,5928e—07 1.9190e—07 2.0097e—06 3.2353e—07 1.9997e—07 1.0784e—07
Example 2. Consider the following one-dimensional nonlinear Klein-Gordon equation [17,19]
9%u 9%u
e 258—2—|—u+]5u =0, x€e2=[0,1]CR,0<t<T, (4.5)
subject to the initial conditions
B B
u(x,0) = tan —7x , 0<x<1
(a +¢?)
(4.6)
B
u (x,0) =c <x<1,
Ol + C2 (a + C2)
and the Dirichlet boundary condition
ukx,t)=hx,t), x€082,0<t<T. (4.7)
The exact solution of Eq. (4.5) is
ux,t) = E tan —L (x+ct) (4.8)
y 2 (o +c?)
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Fig. 2. Numerical solution of Example 2 with ¢ = 0.05, N = 24 and At = 0.0001 for t = 1-10. From bottom to top are the numerical results at the time

of 1-10, respectively.
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Fig. 3. Numerical solution of Example 2 with ¢ = 0.5, N = 24 and At = 0.0001 for t = 1-4.

Fig. 2 shows the numerical solution from t = 1 to 10 by using LWSCM with ¢ = 0.05, N = 24 and At = 0.0001. Fig. 3
depicts the numerical solution from t = 1 to 4 by using LWSCM with ¢ = 0.5, N = 24 and At = 0.0001. Table 2 lists the
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Fig.5. Root-mean-square errors (in log form) of Example 3 as a function of N at t = 1.0 with At = 0.0001 and as a function of At att = 1.0 with N = 32.

numerical solutions of Example 2 at t = 1-4 with N = 24 and At = 0.0001 for ¢ = 0.5 and 0.05. From Table 2, it can be
found that LWSCM is more accurate than RBFs [17] while only need much less grid points than RBFs.

Example 3. Consider the following one-dimensional nonlinear Sine-Gordon equation [11,13-15]:

%u  d%u

w—ﬁ“rslnu:o, XEQ:[—]O,lO]CR,O<t§T, (4.9)
X
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Table 3

Lo, L, and RMS errors using the explicit method, the RBF method and LWSCM with At = 0.001.
t Explicit method RBF method (N = 56 x 56) LWSCM (N = 24 x 24) LWSCM (N = 32 x 32)

L, Lo L, Loo RMS L, Lo RMS L, Lo RMS

1 0.7221 0.0350 0.2860 0.0670 0.0050 0.0178 0.0046 0.0007 0.0051 0.0008 0.0002
3 0.7877 0.0431 0.5872 0.0834 0.0103 0.0424 0.0090 0.0018 0.0153 0.0022 0.0005
5 0.5167 0.0404 0.8288 0.1015 0.0145 0.0598 0.0094 0.0025 0.0307 0.0048 0.0010
7 0.6531 0.0353 1.0706 0.1516 0.0187 0.0801 0.0121 0.0033 0.0504 0.0090 0.0016

ERROR

ERROR

(b) Numerical results for LWSCM at time t = 2.0.
Fig. 6. Numerical solutions and error for LWSCM at times t = 1, 2, 3 and 4 with At = 0.001 and N = N’ = 24 for Example 4.

where f (x, t) = 0 and subject to the initial conditions

{u (x,0) =0,

0<x<1
u; (x,0) =4sech(x), 0<x<1, (4.10)

and the Dirichlet boundary condition

u,t)=hx,t), x€d02,0<t<T. (4.11)
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(c) Numerical results for LWSCM at time t = 3.0.

(d) Numerical results for LWSCM at time t = 4.0.

(continued)

Fig. 6.

The exact solution of Eq. (4.9) is

(4.12)

(sech(x) t).

t) = 4tan”!

u (x5

Fig. 4 shows the numerical solutions of Example 3 by using LWSCM with N = 24 and At = 0.0001. From Fig. 4, it can be
found that the accuracy of LWSCM is higher than one-iterate solution of the variation iterational method. Fig. 5 shows the

) as a function of N at t = 1.0 with At = 0.0001 and as a function of At att = 1.0 with N = 32 for

one can conclude that LWSCM still keeps the exponential convergence property.

RSM errors (in log form
Example 3. From Fig. 5,

4.2. 2D case

Example 4. Consider the following two-dimensional nonlinear Sine-Gordon equation [4,14,31]

%u  d%u

ou

(4.13)

YV =7,t>0,

sin(u), —7<x

e oy

at
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with initial conditions

u(xy,0)0=4tan"'(exp(x+y), —7<xy<7, t>0,

ou(x,y,0 4 4.14
*y.0 _ _4expx+y) T <xy<7.t>0, (4.14)
ot 1+ exp (2x + 2y)

and boundary conditions

au 4exp (x t

— = Pty +0 , forx=—-7andx=7, -7<y<7,t>0, (4.15)

ox  exp(2t) 4+ exp (2x + 2y)

au 4exp (x t
= PxHy+0D fory=—-7andy=7, -7<x<7,t>0. (4.16)

3y exp (2t) +exp (2x +2y)

The theoretical solution of this problem, in which the parameter 8 = 0 is given by

ux,y, t)=4tan" ! (exp (x +y — t)). (4.17)

The solution was computed for (x,y) € [-7,7] x [—=7, 7] and t > 0. The errors in the L,, L., norms and root-mean-square
(RMS) of errors attime t = 1, 3, 5and 7 are given in Table 3. The graphs of numerical solutions fort = 1, 2, 3 and 4 are given
in Fig. 6. From Table 3, one can find that LWSCM is more accurate than the explicit method [31] and the RBF method [14]
while only needs a few number of grid points.

5. Conclusion

In this paper, a new spectral collocation method based on Legendre wavelets basis is proposed and successfully applied for
the solution of 1D and 2D Klein/Sine-Gordon equations. The exponential convergence property and error characteristics are
shown in these examples. There are three important points to make here. First, LWSCM can provide good spatial resolution
and spectral resolution, so can get a high accuracy solution. Second, LWSCM is computer oriented and can establish a connec-
tion with fast algorithms. Third, LWSCM can save more memory and computation time benefit from the advantage of Leg-
endre wavelets operational matrices. The numerical results presented here suggest that the Legendre wavelets spectral
collocation method is very effective, accurate and easy to implement for the numerical solution of partial differential equa-
tions.
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