Exam])ll‘.' 1. Consider the system [14) with (d],dz,dg.rl.r2,_r3,(]11,ﬂ]z.ﬂz‘l.ﬂ'zz{ﬂz}{ﬂgz,ﬂgg) = (14111.105
3,2.0.8.1,0.5,0.9). Then the hypothesis (H1) is satisfied and hence (1.4) has only a positive constant steady state
E* =(0.2529,0.2912,1.2729). By the computing software we have B = —5.2900 < 0. Consequently, (2.18) has a unique
positive root Iy = 0.4704 and thus we can obtain that ¢y = 0.6904, 75 = 0.4704 and h'(l;) = 1.2769. Lemma 2.1 together
with Theorem 2.4 vyield that E' is locally asymptotically stable when 0< T < 75 =04704 and unstable when
T > Tp = 0.4704, and when 1 passes increasingly through 7, = 0.4704, a spatially homogeneous periodic solution emerges
from E'. In addition, we can compute c¢,(0) = —0.8724 — 1.6683i. From the discussions in Section 4, we know that the
spatially homogeneous bifurcating periodic solutions are stable on the center manifold. See Figs. 1 and 2.

Uy = dillye + Uy (£,X) |1 — @y ua (£, X) — azuz(t, X)),

Uz = dallaee + Uz (£, X)[r2 + Q21 Us (E — T,X) — A22Uz(t, X) — Aaus(t — T,X)],
Uzt = d3lizy + U (£, X)[13 + Azylz (L, X) — Az3u3 (L, X)),

O<x<m, t>0,

Ui (t,0) = u(t,m) =0, t = 0,

uj(s.x) = n;(s.x). (s,x) € [-7,0] x [0,7], j=1,2,3,

(1.4)

where T =11 + Ta.

Theorem 2.4. Assume that (H1), B < 0.h'(lg) # 0 and d2 > Ms hold. Then

(i) The positive constant steady state E*(uj. uj. u3) of system (1.4) is locally asymptotically stable for t € [0.1,) and unstable
when T > Tp. )

(ii) System (1.4) undergoes a spatially homogeneous Hopf bifurcation at the positive steady state E™(uj, u3.u3) when 1 = 1:15_1”
(i=0.1,...), i.e, a family of spatially homogeneous periodic solutions bifurcating from E* when t crosses through the crit-
ical values T (j =0.1....).

Next, we discuss the effect of diffusion on spatially homogeneous Hopf bifurcation. Consider Eq. (2.17) again. Noting that
Py = 0 in (2.14), so, if there exist ky € M such that ag, — ba, < 0 in (2.15), then Eq. (2.17) has a unique positive root. For a
fixed ko € M there exists a small constant €; > 0 such that aw, — bu, < 0 when max{d;} < €, (j = 1.2.3) under the condition
B < 0. Then, Eq. (2.17) has a unique positive root, denoted by I,,, and hence Eq. (2.12) has a unique positive root w,, = /..
By (2.11), we have

by, wf +(a — ay by )k — agy, b
cos g, = 2ok (z*ub‘g*n o tia) %, — Goky Doty
biy, + b )

Thus, if we denote

by, ot +(a — iy by e —
= 1 Lot (2o “"”b';*” 1o ko), GoiaPoie) ol o1, (2.20)
“ho b, + b %,

then =icy, is a pair of purely imaginary roots of Eq. (2.7) when 7 = rﬂ. We assume that '(l,) # 0, where h(l) is defined by
(2.18). Using the similar argument as that in the proof of Lemma 2.3, the following transversality condition holds
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Thus, we have the following result.

hl) = +p,F +ql+n (2.18)
When k = 0, it is easy to obtain from (2.14) and (2.15) that
Po = (U3an)" + (U3an)” + (u3as)” > 0,
oo — boo = ujusugB.

If B = 0, then aw — boo < 0 and hence rp < 0. According to Descartes's rule of signs (see, for example, Appendix 2 in [29]), Eq.
{2.17) has a unique positive root, denoted by gy, and thus Eq. (2.12) has a unique positive root oy = JE By (2.11), we have

bioes} + (Baoban — Grabie) el — daabie
big + biger '

COS(pT =

Thus, if we denote

0 = ] o b + (abuo — Grabia)c5 — donbon +2jrh. j=0.1. . (2.19)
el

bﬁn + b?owﬁ



Lemma 2.1. Assume that the condition (H1) holds. Then the positive constant steady state E™{uj, u3, uj) of system (1.4) is locally
asymptotically stable when T = 0.

Mext we discuss the effect of the delay T on the stability of the trivial solution of (2.3). Assume that ico (o = 0) is a root of
Eq. (2.7). Then o should satisfy the following equation for some k € Ry

—iin? — @ner® + Ao + o + (bydes + by )(cos o1 — isineT) = 0, (2.10)

which implies that

21
—i? + @yt = byg 5in T — by cos ot { )

{unm‘ — ilgg = by €08 0T + byiosinmT,
From (2.11), we have

f + (ad — 2ay)ot + (a3, — 2agemy — bl )e? +0d — b =0 {2.12)
Let | = eo* and denote

Pp=0%, — 20y, q, =0, —2ou0y— b, n=da-b. (2.13)



Then from (2.8), we know

i = (A +uiay ) + (dak + uap)? + (dok* + u3a3)* > 0,
O = [{d,ki +ujan)(dsk’ + ﬂim!}] 4 [{dikz +uzan)(dik’ + vaﬂnJr (2.14)

2
+[[|'j'.|k:2 + U}y, }{d1k2 + u;unj] — (ujuyaamy + uiu;uuuu}i

and
ok — b = dydadsk® + (dydyulay + dydytgas, + dydsua,, )k
+ [diuius (azass — axasz) + davt}uhan axs + dattu} (@022 — aizan )|k + ujuisB, (2.15)
where
B = 041832033 — @11 0xailaz — Gyaily O3 (2.16)

Thus, Eq. (2.12] is reduced to

P+pl +gl+r =0 (2.17)
Denote
h(l) =P +pel* + gl + 1. (2.18)

When k = 0, it is easy to obtain from (2.14) and (2.15) that
Po = (ujan)* + (u30)° + (1303)" > 0,
aon — boo = wjuiusB.

If B = 0, then dp — bpe < 0 and hence rp < 0. According to Descartes's rule of signs (see, for example, Appendix 2 in [29]), Eq.
{2.17) has a unique positive root, denoted by kb, and thus Eq. (2.12) has a unique positive root g = 1.,-"!: By (2.11], we have

biges + (Ba0boe — Grobig)er — agebng
bio + biger '
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Thus, if we denote

1 . (B buo — @yabsg)oRt — ) :
e G By ke (LI

then iy, is a pair of purely imaginary roots of Eq. (2.7) when 1 = r,,';“.

Whenke M ={1.2,. .}, if oy — by = 0 (ie.rg = 0)in{2.15)and g, = 0in (2.14), then Eq. (2.17) has no positive root and
hence Eq. (2.7) has no purely imaginary root. Under the condition B < 0 we can not determine the sign of 0.;0x — 05205, and
1023 — @3y i0 (2.15). Therefore, we consider the following four cases:

(2.19)

(i) If @ypa3 — Ba3l3z = 0, @y 02 — @y, = 0, then there exists a constant M, > 0 such that ag, — by > 0 and g, > 0 when

min{d;} = M, (j=1.23).

(i) If @zz023 — Gz@3z < 0, @O0z — @gza8n = 0, then there exists a constant Mz = d, such that ay, — by, = 0 and g, = 0 when
min{dz, d3} = Ma.

(iii) If @zziaz — Gmidzz = 0, Guidzz — @282 < 0, then there exists a constant My = ds such that @y, — by, = 0 and g, > 0 when
min{dy. dz} > Ma.

(iv) If axzd33 — @zaf@az < 0, G102z — Mzd2 < 0, then there exists a constant My > max{d;,ds} such that g — ba = 0 and
g > 0 when dz > M.

The above analysis imply that there exists a constant Ms = max{M;} (j = 1.2, 3.4) such that o — by = 0 and g, > 0 when
dy = Ms. Consequently, we can get the following conclusions.
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Fig. 1. The numerical simulations of system (1.4) with the parameters given in Example 1, 7 =0.3 and initial conditions u,(t.x) = 0.5, u(t.x) = 0.5,
us(t.x) = 1, (t.x) € [-0.3.0] x [0, 7). The positive constant steady state E* is stable.
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Fig 2. The numerical simulations of system (1.4) with the parameters in Example 1, T = 0.8 and initial conditions u, (,x) = 0.5, u,(l X) - 0 S.us(t,x) =1,
(r.x) € [-0.8,0] x [0. ). The positive constant steady state E° is unstable and system (1.4) bifurcates spatially homogi p near the
positive constant steady state.




