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A class of recurrent neural networks is investigated in the vicinity of the Bogdanov-Takens bifurcation
point in the parameter space when the slope of the transfer function of the neurons at the origin is not
equal to one. It will be shown that two different bifurcation diagrams can be constructed. In each
bifurcation diagram, there are critical values for the parameters of the network for which curves of
pitchfork and Hopf bifurcation intersect each other at a point where the linear part of the system that
describes the network, has a pair of simple zero eigenvalues. As curves of homoclinic and heteroclinic
bifurcation emanate from the Bogdanov-Takens point, a complicated behavior is observed by the
variation of weights in the recurrent neural network.
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1. Introduction and problem statement

Recurrent neural networks (RNNs) including Cohen-Grossberg
neural networks (CGNNs), Hopfield neural networks (HNNs) and
cellular neural networks (CNNs) have been used extensively in
different areas such as signal processing, pattern recognition,
optimization and associative memories [5,13] in which the
stability of equilibrium in the network is widely investigated.
They are also one of the best choices for learning input and output
data which dynamically vary by time [6,21,31]. One of the main
focuses of research on RNNs has always been the existence of
periodic solutions and mechanisms under which such solutions
emerge. Studies related to the existence of periodic solutions in a
certain type of cyclic recurrent neural configurations can be found
in [1,8,12]. One of the natural features of recurrent neural
networks is the presence of time delays in their dynamical
models. Many rich mathematical investigations and results on
recurrent neural networks with time delays are available in the
literature. These investigations include the global asymptotic and
exponential stability of equilibria and also the existence and
stability of periodic solutions with and without time delays; see
for example [2-4,10,16-19,23-25,27-29] and also [32] for some
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recent references on RNNs with both constant and time-varying
delays. In [11], Haschke et al. have given analytical expressions for
bifurcation manifolds in the input space of general discrete-time
RNNs for the case of three-neuron networks.

In this paper, we study a three-neuron recurrent neural
network in feedback configuration. Ruiz et al. studied this model
in [22] for the first time. Fig. 1 illustrates the class of recurrent
neural networks that they considered in their investigations. In
Fig. 1, u(t) is the input and y(t) is the output of the network. This
network can be described by the following system:

x1(t) = =X (D) +f(x2(D)),

Rn1(5) = —Xo_1 (O U(D), )
K0 = —Xn(6) 4 Wif 1 (E) + - - + Wy 1f (X1 (0),
YO = F(al0).

Here, x(t) e R" is the state variable, w; e R, i=1,...,n—1 are the
network parameters or weights, u(t) is the input and y(t) is
the output. The function f(-) represents the transfer function of
the neurons. Ruiz et al. [22] showed that a three-neuron network
of the form (1), with f(-) = tanh(.), has the capability of learning a
specific class of time-varying periodic signals. According to [22],
system (1) receives the input u(t) as an unknown signal and then
after a period of length T > 0, during which w(t),i=1,...,n—1 are
adapted, with the intention that y(t) tracks u(t), the input u(t) is
replaced by the output y(t). The three-node network studied in
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Fig. 2. The bifurcation diagram presented in [22]. In the shaded region, the
linearization of system (2) with f(-) = tanh(-) at the unique equilibrium (0,0,0) has
a negative real eigenvalue and a pair of complex conjugate eigenvalues with
positive real part.

[22] and [26] in feedback configuration, with u(t)=y(t), is as
follows:

x1(t) = =x1 (O +f (x2(D)),
X2(t) = —x2(O) +f (x3(1)), 2)
x3(t) = —X3(0) + W1 f (X1 (D)) +Waf (X2(1)),

where w; e R and w, € R, are fixed. It is important to note that
system (2) with f(-) = tanh(.), is Z,-symmetric; in other words, it
is invariant under the rotation through the angle 7; see [15]. Ruiz
et al. [22] considered system (2) with the transfer function
f(h)=tanh(-) and proved that in a specific region in the
(wq,wy)-space determined by inequalities

2w,—w; =8 and 27w?—4w3 >0, 3)

the linearization of system (2) with f(-)=tanh(.) at the unique
equilibrium (0,0,0) has a negative real eigenvalue and a pair of
complex conjugate eigenvalues with positive real part. In
particular, they showed that the curve 2w,-w;=8, with
wy < —2, is the Hopf bifurcation curve in the two-dimensional
parameter space on which the two complex conjugate eigenva-
lues become purely imaginary. Fig. 2 depicts the bifurcation
diagram presented in [22] and also the region (shaded area)
determined by inequalities (3). It is easy to check that the
linearization of system (2), with f(-) = tanh(-), at the equilibrium
(x{, x5, x3)=(0,0,0) has a pair of simple zero eigenvalues at
(wi, w3$)=(—2,3) where the two curves 27w?—4w3=0 and
2w, —w; =8 intersect each other.

Recently, Hajihosseini et al. [10] studied system (2) with
distributed delays when f(-)=tanh(-) is taken as the transfer
function of the neurons. By using the strong kernel and applying
the Moiola and Chen formulation of the frequency domain [20], it
was shown that for a fixed choice of the mean delay as the
bifurcation parameter, there are corresponding values of the
network parameters w; and w; for which system (2) undergoes a

Hopf bifurcation at the origin. Thereby, even with the presence of
time delays, this class of recurrent neural networks was proved to
have the capability of learning given periodic signals.

In this paper, we consider system (2) with a general transfer
function. We replace tanh(-) with a function with the Taylor series
expansion at the origin of the form

f = a1, “)
i=1

where o5;_; > 0 fori odd and o,;_; < O for i even. This new transfer
function still preserves the same properties of oddity, continuity,
monotonicity and smoothness and is assumed to be bounded. If
we take tanh(-) as the transfer function, Eq. (4) will represent the
Taylor expansion of this function with o; =1, a3 =-1/3, etc.
System (2) with transfer function (4) is a Z,—symmetric system.
By using Eq. (4) as the transfer function of the neurons, we
investigate a broader class of periodic signals that networks of the
form (2) can learn. Our investigation improves and broadens
previous results in [7,10,22] and shows that when oy =1, some
results in [7] are not generic.

Recently, Gao et al. [7] studied system (2) with f(-)=tanh(-)
and obtained a single equation for the equilibria of this system by
using the iterates of the transcendental transfer function, tanh(-).
They showed that in a specific region in the bifurcation diagram in
Fig. 2, the number of equilibria of system (2) changes from one to
five. This region is determined by inequalities

27w2—4w3 <0 and wi4+wy <1 and w,>3. (5)

Based on their studies on the equilibria of system (2), Gao et al. [7]
introduced two bifurcation curves in the region determined by
inequalities (5). These curves include a saddle-node and a Hopf
bifurcation curve. The two curves are illustrated in Fig. 3. The
saddle-node and the Hopf bifurcation curves are labeled with
S and H, respectively.

We analyze system (2) with transfer function (4) in the
neighborhood of the Bogdanov-Takens codimension two bifurca-
tion point in the (w;,wy)-space. We will show that if oy #1 in
transfer function (4), system (2) can be reduced to the following
system:

X1(t) =x2(0),

; 3 2 (6)
{ X2(b) = 4 X1(0) + UpX2(8) +a3x3 (£) + b3x{ (H)X2 (D),
where u; and u, are the unfolding parameters and are functions
of wy, w; and . System (6) has at most three equilibria and does
not undergo the saddle-node and the Hopf bifurcation in the
region determined by inequalities (5). In other words, the two
bifurcation curves, labeled with S and H in Fig. 3, vanish when
o1 # 1; as a result, their presence in the parameter space is not
generic for systems with Z,-symmetry. In addition, we will show

Wa
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- 2wy —wy; =8

Fig. 3. The bifurcation diagram presented in [7]. The shaded region is determined
by inequalities (5). The two dashed curves S and H in the shaded region, represent
the saddle-node and the Hopf bifurcation curves, respectively. The point E(—2,3)
denotes the Bogdanov-Takens bifurcation point in the parameter space.
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that there are other bifurcation curves along with the Hopf
bifurcation curve in the parameter space emanating from the
Bogdanov-Takens point. These include a curve of pitchfork,
homoclinic and heteroclinic bifurcation and a fold bifurcation
curve for limit cycles.

This paper is organized as follows. In Section 2, we first reduce
the original system to the center manifold corresponding to a pair
of simple zero eigenvalues. Then by applying appropriate change
of variables, we obtain the normal form of the system at the
bifurcation point and introduce the unfolding parameters. In
Section 3, a full investigation is carried out on the reduced system
in the vicinity of the bifurcation point, and all possible bifurca-
tions that take place in this system, are analyzed. In Section 4,
bifurcation diagrams for different choices of as, according to its
sign, are presented. By using the parameter values in different
regions, determined by the bifurcation curves, several phase
portraits of the system are constructed.

2. Center manifold reduction and the normal form

Consider system (2) with transfer function (4). Thus,

X1(t) = —x1(t)+ 01 X2 + 03X3 + O(X3),

X2(t) = —xo(t)+ 01 X3 + 03X3 + O(X3),

x3() = —X3(t) + W1 (0t1X1 +03%3 + O(x3))
+Wa (01 X2 + 03X + O(X3)).

)

Linearization of system (7) at the equilibrium (x{, x3, x3)=(0,0,0)
is given by

-1 051 0
Jwi,wy) = 0 -1 o |, ®)
Wy ouwy —1

with the characteristic equation
21322+ B-Bwo)l+(1—Bwy—odwy) =0. 9)

According to Eq. (9), if we set w;=w;=-2/03 and
wy =w} =3/a?, the roots of Eq. (9) will be 4 =0,1,=0 and
/3 = —3. In other words, at (w},w3) = (=2/03,3/a?), the linearized
system has a pair of simple zero eigenvalues. We will study
system (2) in the neighborhood of the point (wf, w3) in the
(w1, wp)-space. To this end, we need to reduce system (7) to the
center manifold corresponding to this pair of simple zero
eigenvalues. For this, we consider the following transformations:

1

X o 0 Zoc% V1
=1, o, 1 ||»] (10)
X 1o 5% Vs

1 2 1
Vi ) 8 20 -0 X1
V2 =97 -6 3oy 303 X2 |. (1)
V3 M\ a4 8y 402 X3

Using transformations (10) and (11), we put system (7) into the
standard form

1 01 o0 » F1(y1.¥2,¥3)
Y2|l=[0 0 0 Y2 |+ | EO1y2.y3) |, (12)
V3 0 0 -3/ \ys F3(y1,y2.Y3)

where

F1(¥1,Y2.¥3) = G300¥; + A210Y1Y2 +A120¥ 13
+ o303 +201Y3Y3 + G102Y1Y3 +d021Y3Y3
+do12Y2Y3 + Go3Y3 +A111Y1Y2Y3 + O Y1.Y2.Y3)1°),

and
F2(y1,Y2.3) = b300¥; +b210y2Y2 +b120y1¥3 + bozoy3

+ bzolﬁh + b]OZyI.V% + bozl)’%}’a + bmz}’zy%
+bogzy3 +b111y1Y2y3 + O ¥1.Y2.Y3)1),

and

F3(¥1,¥2,Y3) = C300Y3 + C210¥3Y2 + C120Y1Y3 -+ Co30Y3
+C201Y2Y3 +C102Y1Y3 + C021Y3Y3 + Co12Y2Y3 + Coo3Y3
+C111Y1Y2Y3 +O(Y1.Y2.Y3)1),

where

a300 = E;“—;(z+50€% +20), o= 30%(4-0-50(%%

o
a0 = ﬁ(8+50€%),

o o
do3o = ﬁ(16+5a%), 01 = £(4—5a§+oc‘1‘),

__ %3 2
a = 30(1( 8+5u7),
o o
Qo12 = ﬁ(16+5a%), Qoo3z = ﬁ(ﬁ‘l—z&x%—ka‘b,

o3 o3
Qo2 == g, (~164500), a1z = 55 (164100 +1),
and

b3o0 = _ﬁ(—l—“%'FZO‘?)- ba10 = £(2+oﬁ), b1 = oﬁ‘(4+oc%),

o o
bozo = ﬁ(s-h’%%)- bao1 = —ﬁ(—2+°‘%+°“1‘)v
bin = _01_3(_4_’_0(%)'
[0
o3 o3
bo]z = E(S +O€%), booz = — @(—32 +4OC% +O€fll),

o3 o3
boz1 = *E(*gﬂﬁ)v bio2 =~ %(*8*20@ +a),

and

83
C300 = — 9761(1 —203+a}), o=

1603 2
30 (=T+09),

16a
C120 = Wi (=2+0ad),

16« 200
Co30 = Wﬁ(—4+0€%), Cr01 = —i(4+40€%+0€‘1‘),
160
i1 =— 30!13 (2+0d),

40 o
Co12 = ﬁ(—4+°‘%)- Coo3 = — ﬁ(64+160@ +oh,

8u o
Co21 :—ﬁ(‘l—l—a%), C102 :—?;(16—805%—‘1-0(‘11)

We reduce system (12) to a two-dimensional center manifold
which corresponds to the pair of simple zero eigenvalues. Since
the stable eigenspace (E®) is one-dimensional, the center manifold
is of the form y3=h(y,,y2); see [9,14,15,30] for more details on
center manifold theorem. It can easily be seen that the coefficients
of the second order terms in the center manifold are zero.
Therefore, we consider the center manifold

y3 = h(y1.y2) = ay3 +byiys +cy1y3 +dys + O(y1.y2) ). (13)

By putting the center manifold (13) into the third equation of (12)
and then by equating powers of y3, y? y», y1y3 and y3 on both
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sides, we can calculate the coefficients of the center manifold as
follows:

_780‘3 o2 | A _ 8as 2 A

a= 270(]( 205 +ag+1), b_27oc1 (4o +01-5),
__160s 2., .4 _ 1603 , 5 4
c= ~ 814, (=505 +0ai+13), d= 2434, (407 +o7—23).

Therefore, system (12) is reduced to the following system:

{5/1 =Y2+ B30Y3 + B21Y3V2+ B12Y1Y3 + Bosy3 + O 11.Y2)1),

. 14
Vo = 030Y3 +021Y3Y2 +012Y1Y3 + 003¥3 + O((V1.Y2)1°), (14)

where

o o
Bz = 97;1(5“%+2°‘?+2)- B = ﬁ(5°‘%+4)v

o o
Bia= ﬁﬁ“f +8), Bos= ﬁ(&"% +16),
and

[0 o
030 =3, (-0 +204-1), o= 2(07+2),

o3, o o3 2
013 = —(a5+4), 003 = 5—(atf+8).
12 051( 1+4), 003 3051( 1+8)

Now, according to [15], we introduce the new variables (u4,u;) by

ur =Yy,
v 15
{u2—F1 V1.y2), (5)
where

Fi(71.Y2) = Y2+ B3oYi + Ba1¥3¥2 + Broy1¥3 + Bosys + O(y1.y2) ).

Transformation (15) brings system (14) into

{ul —l (16)

U1y = hso3 +haru?us + hapuq g + host3 + O((ug,u2)1°),
where

o3 o3
h3p = _E(_a% +203-1), hp= E(]Ba% +20),

20{3 20(3
hy1 = E(%c% -HX‘]1 +4), hoz= E (30(% +38).
System (16) can be rewritten as

U =J,U+Gs3(U)+O(UP®), 17)

where
Ue uy (01
T\ ) JBT_(O 0)'
0
G(U)= h30u?+h21u%uz+h12u1u%+h03u§ :

To simplify the third order terms in system (17), we consider the
change of coordinates introduced in [9,30]; that is,

U=V+HY), (18)

where

v V3 4+ f21V2Vy +f12V1 V2 + foa V3
V:<vl>' H(V)=<f30 1+L1viva +fiavivs +fo3vs ,
2

g30v§ +g21v%v2 +g12v1v§ +g03v§

with

_ % 2 _ %3 a2
fro= 184, (1304 +20), for = 35, (3o +8),

o 20
821 = g, (1361420, g2 =3 2 (341 +8),

and f12=fo3= g30=g03=0. Transformation (18) puts system (17)
into the following system:
{ V1=V +O((v1,v2)]°),

Vv = a3V3 +bsvivy + O(I(v1,v2)I°), a9

where
o3 2013
as :—E(fo?—a%—l), b3 = E(O(?+4OC%+4)

In system (19), the coefficient as; will be nonzero if oq # 1.
According to [9,15,30], the higher order terms can be omitted in
system (19) due to the structural stability; therefore, the
following system will be taken into account:

{Vl — (20)

Vo= a3v? +b3V%V2.

System (20) represents the normal form of system (7) at the
Bogdanov-Takens bifurcation point where
Wi, wh)=(=2/03,3/a?). Since a1 >0 and o3 <0, bz is always
negative. If oy <1, then a3 <0 and if «; > 1, then a3z > 0. In the
case of oy =1, the nondegeneracy condition of the Bogdanov-
Takens bifurcation, that is as # 0, will be violated and therefore
we need to consider higher order terms in the normal form of the
system at the Bogdanov-Takens bifurcation point. By using tanh(.)
as the transfer function of the neurons, Gao et al. [7] have shown
the existence of two bifurcation curves in a specific region in the
parameter space determined by inequalities (5); see Fig. 3. By
using the normal form (20), one can study system (7) in the
neighborhood of the Bogdanov-Takens bifurcation point in the
parameter space and show that those two bifurcation curves
vanish when o, takes positive values other than one.

Now, if we repeat the same procedure of reducing to center
manifold and applying the change of coordinates (15) and (18) in
the vicinity of (w{, w3) for o; # 1, we will obtain the normal form
whose coefficients are functions of w; and w,. Thus, the unfolding
terms will automatically emerge. Therefore, system (7) takes the
form

Vi=Vy,
{ Vo = [ (W1, W2V + Uy (W1, Wa)Va +83(W1,Wa)V3 +b3 (W, Wa)V3Vs,

(21
with
1 3 2
Uy (W1, W) = §(W1<X1 +wpoai—1),
1
Ha(W1,W2) = g (=W o3 +2w,03—8), (22)

and

(W, W5) = (Wi, w5) =0, ds(wi,wh)=as, bs(wj,wj)=bs.
23)

Since we have applied the change of coordinates (10), (11), (15)
and (18) in a small neighborhood of (wf, w3), the coefficients ds
and b preserve the sign of az and bs due to their continuous
dependence on parameters. By introducing the change of
variables and rescaling of time
b b 3|

= ——Vq, =—— V), T=-——-IL, 24
= T bs @b
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system (21) becomes

f.1=52,
Yo mor o mox (25)
{ & =& +Hpé+sE -6,

where s = sgn(ds), and
2
~ ~ as
fiq = (w1, wp) = <B> My (W1,W3),
3

fiy = flo(wq, W) = — %Mz(m W2). (26)
3

By using system (25), we can study the qualitative behavior of the
original system (7) in the neighborhood of the Bogdanov-Takens
codimension two bifurcation point, (x},x5,x5,wj,w35)=(0,0,0,
—2/03,3/a2), and study all possible codimension one bifurcations
and obtain their corresponding curves in the (wy,w,)-space.

3. Bifurcation analysis

The equilibria of system (25) are given by
&=0 and fi;& +5& =0. 27)

Therefore, one obtains

E1(s)=(0,0) and E;3(s)= ( F\/— l?,o) . (28)

The point E;(s) is always an equilibrium of system (25), but the
existence of the two equilibria E; 5(s) depends on the sign of both
s and fi;. In what follows, we consider system (25) in two
different cases s=1 and —1, and investigate all possible bifurca-
tions that take place in the system. According to Eqs. (26), we can
express fi; and fi, in terms of u; and u, with which we
can achieve the equations for the bifurcation curves in the
(wq,wy)-space by using Eqs. (22).

3.1. The case s=1

In this case, the equilibria (28) take the following form:

E(1)=(0,0) and E3(1)=(F /=;,0). (29)

It is clear that the two equilibria E; 3(1) vanish when fi; > 0. This
implies that the curve ji; =0 can be taken as a pitchfork
bifurcation curve in the (w;,w;)-space on which the two equilibria
E,5(1) collide with each other at the equilibrium E;(1) and as a
result, the origin will be the only equilibrium of system (25). To
study system (25) around the curve ji; =0, we consider the
linearization of system (25) at E;(1); that is,

E1(1 01 30
.][ 1( )]—<’a1 'a2> (30)

In the Jacobian matrix (30), if we put ji; =0, the eigenvalues will
be 2; =0 and 4, = ji, when fi, # 0. We can reduce system (25) to
the center manifold corresponding to the zero eigenvalue. To this
end, we have to first put the system into its standard form. For
this, we apply the following change of coordinates for small ||

s\ (1 1)\ /(z

(2)=( m)(2)
Zq 1 —1/ﬂ2 &

<z2>:<o 1//12)(52)' 32)

Then the standard form of system (25) will be given by
. 1 . N N N
z= —ﬁ—z(um+u122+z?+(3—u2)2%22+(3—2u2)2123
+(1=[13)23),
. 1 . L - -
2= ginn+ (I +[15)22+23 + (B [1p)2322 + (3-2[1,)2:73
2

+(1-f12)23).
(33)

Since the coefficient of z; in the first equation of system (33) is
nonzero, we can consider the trivial center manifold z, =h(z;)=0;
see [15] for more details. The reduced system then takes the
following form:

. . 1 .
Z1=N@fi) = =5z +23). (34

It is easy to check that genericity conditions hold for the pitchfork

bifurcation [15]; that is, transversality and nondegeneracy

conditions

#N, . 6

— (21, =— =
? (z1,011) I,

- Lo
oz 7 =0,1, =0

N G
oz fiq ri 21 =0ji; =0 Ho

(35

Conditions (35) state that a generic pitchfork bifurcation takes place
in system (25) at the equilibrium E;(1) as the parameter ji; passes
zero. In other words, in the (w;,w,)-space when ji, # 0, system (25)
undergoes a generic pitchfork bifurcation on the curve ji; =0.

Consider the Jacobian matrix (30) again. If ji, =0 and fi; <0,
the linear part of system (25) will have a pair of purely imaginary
eigenvalues; this is the necessary condition for the Hopf
bifurcation. In order to show that a generic Hopf bifurcation
takes place in system (25) and also to find its direction, we need to
focus our attention on the genericity conditions again, this time
for the Hopf bifurcation [15]; that is,

d N
———Rel12(fy)

i #0 and Re[c1(fix)]lg, —0#0, (36)
Ko

;=0

fy £/ 15 +4i
S E—
and Re[c;(-)] is the leading coefficient in the normal form of the

Hopf bifurcation. The transversality condition holds, because it
can easily be shown that

where

21'2 =

1
=5#0. (37)

d
fRe). [l
dii, 1,2(fl3) o

For calculating Re[c;(ft,)] at ji, =0, we need to put system (25)
into its standard form. Under the change of coordinates

£)-(.3 )
(-2 )

for small |, ], system (25) will be brought into

Hq 2 1 3

— Z22—21Z3+ —75,
Ne Ve e (40)
222\/—[112].

Now, by using the stability formula [9]

21 =[lbz1+

~ 1
Re[C] (,U'Z)]I/lz =0= E[thl] +FZlZzZz +GZ12122 +GZzZzZz]
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g P oz Pz =Gy Gz Gz

—F2,2,Gz2, +F2,2,Gz,2, ], 41)
for
F=-z122+ \/1_[112% G=0, and w=+/—[i;, (42)
one obtains
Reler (i), 0= 5 <0. (43)

8

Inequality (43) indicates that the Hopf bifurcation is supercritical;
that is, a family of stable periodic solutions emerge as the
bifurcation parameter, fi,, passes its critical value, zero. In other
words, system (25) undergoes a generic supercritical Hopf
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bifurcation at E;(1) on the curve fi, =0. In addition, when
fty >0, the origin is a saddle. We already know that the two
equilibria E>(1) and E3(1) will exist if ji; <0. The linearization of
system (25) at these two equilibria is given by

0 1
JIE23(1)] = <—2ﬂ1 Jy + iy )

Since fi; <0, detJ[E23(1)] < 0. Thus, both equilibria E5(1) and E3(1)
are saddles.

According to [9], there is a curve of heteroclinic bifurcation
given by the following equation:

(44)

- 1. -
Mzz—gﬂl"‘owh (45)

On this curve, two heteroclinic orbits will emerge to connect the two
equilibria Ex(1) and E3(1) through their stable and unstable manifolds.
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Fig. 4. Bifurcation diagrams of system (7). (a) When s=1 and f(-)=3tanh(,) is taken as the transfer function of the neurons. The pitchfork and Hopf (at E{(1)) and
heteroclinic bifurcation curves are labeled with Pg, (1), Hg, (1) and Heterog, (1), respectively. (b) When s= —1 and f(-) = Itanh(.) is taken as the transfer function of the neurons.
The pitchfork and Hopf (at E;(— 1)), Hopf (at Ex(— 1) and E5(— 1)) and homoclinic bifurcation curves, and the curve of fold bifurcation for limit cycles are labeled with P, _1),
HE, -1y, Hg, (<1, Homog, 1y and FLC, respectively.
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Fig. 5. Numerical results for system (7) in region (II) of Fig. 4a when (w;,w;)= (—0.6,1.28). In this region, the equilibrium E;(1) becomes stable and two nonzero saddles
appear. The phase portrait (a) and its corresponding waveform graph (b) show that the unstable manifolds of Ex(1) and E3(1) are attracted by E;(1).
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3.2. The case s=—1

In this case, the equilibria (28) become

Ei(-1)=(0,0) and E;3(—1)=(F \/{i1,0).

The linearization of system (25) at E{(—1) is the same as the
Jacobian matrix (30) and therefore, similar to the previous case,
system (25) undergoes a pitchfork bifurcation on the curve ji; =0
when ji, # 0 and a Hopf bifurcation on fi, =0 when fi; <0. The
genericity conditions can similarly be shown for both bifurca-
tions.

Consider the situation when system (25) has three equilibria,
that is when fi; >0. The Jacobian matrix of system (25) at
E;3(—1) is then given by

(46)

1
Eya(—1)]= ~ R | 47
e <2:“1 :“2'“1> (47)
a .
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The Jacobian matrix (47) has a pair of purely imaginary
eigenvalues when ji, = fi;. To show that system (25) generically
undergoes a Hopf bifurcation at the two nonzero equilibria
E>(—1) and E3(—1), we consider the same procedure to calculate
conditions (36) at ji,=j;. Here, we show the
genericity conditions only for E3(—1)=(,/fi;,0). Similar results
can be achieved for E;(—1). Consider the following change of
variables:

(€1,82) =11+ L1.12), (48)
M 0 1 Z;
Z1\ (0 1/\2p4 M (50)
) \1 0 )
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Fig. 6. Numerical results for system (7) in region (III) of Fig. 4a (near the curve Hg,(,) when (w;, w2)=(-0.6,1.33). As (w;, w3) passes the curve Hg, ), a stable limit cycle
will emerge around E;(1) and the equilibrium itself becomes unstable; because, on the curve Hg, 1), system (7) undergoes a supercritical Hopf bifurcation at E;(1). The limit

cycle is illustrated in the phase portrait (a) and its corresponding waveform graph (b).
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Fig. 7. Numerical results for system (7) in region (III) of Fig. 4a (near the curve Heterog,,,) when (w;, w,)=(—0.6,1.338). The phase portrait (a) and its corresponding
waveform graph (b) show that as (w;, w,) gets closer to the curve Heterog,,., the limit cycle, generated by the Hopf bifurcation, tends to form a heteroclinic cycle

connecting E»(1) and E3(1).
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If we apply (48)-(50) for small |jt,—jt;], system (25) will become
. . _ _ 3 1
21 = (ly—f11)21 —/2[1122—2+ /lnz1z2—5 ﬁz%—az%—ﬁzg,
22 = \/2[1121.

(51)

After some calculations, one obtains

d 1

—Relq12(fly) ==#0. 52
a, 1,2(f, mep 2 (52)
By applying the stability formula (41) for

= 3 1
F=-2\/li,z125— jﬁzg—zlzg— \/TWZ% G=0, and
w = 2,[1] y (53)
one gets
- 1

Re[c1(@)lg, = 5, = 1 0. (54
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Inequality (54) implies that a generic subcritical Hopf bifurcation
occurs in system (25) at E3(—1); that is, a family of unstable
periodic solutions emanates from E3(—1), as the bifurcation
parameter, fi,, passes its critical value, fi;.

According to [9], there are two global bifurcation curves in this
case, one for a homoclinic bifurcation on which two homoclinic
orbits to the origin emerge, and the other for a fold bifurcation for
limit cycles on which two limit cycles collide with each other and
disappear. The homoclinic bifurcation curve is given by the
equation:

- 4 -
Ha =35 +O(I}), (35

and the curve of fold bifurcation for limit cycles is given by the
equation:

Ay =city, (56)

where ¢~ 0.752.

Now, by using Eqgs. (22) and (26), all bifurcation curves can be
illustrated in the (wy,ws)-space and as a result, several phase
portraits of system (7) can be constructed.
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Fig. 8. Numerical results for system (7) in region (IV) of Fig. 4a when (w;, w»)=(-0.6,1.3385). As (w;, w,) enters region (IV), the two heteroclinic orbits disappear. The
phase portrait (a) and the waveform graph (b) show that E;(1) remains unstable and repels all trajectories nearby including the two stable manifolds of the equilibria E>(1)

and E3(1).
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Fig. 9. Numerical results for system (7) in region (I) of Fig. 4b when (w;, w,)=(—16.5,11.8). The only equilibrium of the system, E;(—1), is a stable spiral. This is shown in

the phase portrait (a) and its corresponding waveform graph (b).
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Fig. 10. Numerical results for system (7) in region (II) of Fig. 4b when (wy, w,)=(—16.5,12). As (w;, w) crosses the curve Hg, 1), a stable limit cycle will emerge around
E1(—1) due to the occurrence of a supercritical Hopf bifurcation at E;( — 1) and the equilibrium itself becomes unstable. The limit cycle is illustrated in the phase portrait (a)
and its corresponding waveform graph (b).
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Fig. 11. Numerical results for system (7) in region (III) of Fig. 4b when (w4, w,)=(—16.5,12.265). In this region, two nonzero saddles, E;( —1) and E3( — 1), appear inside the
stable limit cycle which is previously generated by the Hopf bifurcation. The phase portrait (a) and its corresponding waveform graph (b) show that all trajectories, starting
from an arbitrary point in a neighborhood of the origin outside of the big stable limit cycle, are attracted by the stable limit cycle. The phase portrait (c) and its
corresponding waveform graph (d) show the attraction of the two one-dimensional unstable manifolds of the equilibrium E;(—1) by the stable limit cycle.
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4. Bifurcation diagrams and phase portraits

In this section, bifurcation diagrams of two cases s=1 and —1
are presented in Fig. 4.

In Fig. 4a, s=1 and the transfer function of the neurons is taken as
f(-)=3tanh(); therefore, in Eq. (4) we have oy =3/2 and 03 = —1/2.
In Fig. 4a, the pitchfork and Hopf bifurcation (at E;(1)) curves are
labeled with Pg, 1, and Hg, 1), respectively. Also there is a heteroclinic
bifurcation curve, labeled with Heterog, 1), on which system (7)
possesses two heteroclinic orbits connecting E;(1) and E5(1). Several
phase portraits and their corresponding waveform graphs are given in
Figs. 5-8 by choosing different values for the parameters in different
regions of Fig. 4a. In region (I), system (7) has the unique saddle, E;(1).
As (w1,w) passes the curve Pg 1), the equilibrium E;(1) becomes
stable and two nonzero equilibria E;(1) and E3(1) appear. Fig. 5
depicts the phase portrait and its corresponding waveform graph for
the values of parameters in region (II) and close to the Hopf
bifurcation curve Hg,1). As parameters pass Hg, 1), system (7)
undergoes a supercritical Hopf bifurcation at E;(1); therefore, a stable
limit cycle emerges around E;(1) and the equilibrium itself becomes

unstable. This can be seen in Fig. 6 for the values of parameters in
region (III) and close to the curve Hg, 7). As the two parameters w; and
w;, get closer to the curve Heterog, (), the limit cycle, generated by
the Hopf bifurcation, tends to form two heteroclinic orbits connecting
E>(1) and E3(1). Fig. 7 illustrates the onset of the two heteroclinic
orbits formation. Fig. 8 shows that these heteroclinic orbits vanish
when parameters take values in region (IV).

In Fig. 4b, s= —1 and the transfer function of the neurons is taken
as f()= ltanh(); therefore, in Eq. (4) we have «;=1/2 and
o3 =-1/6. In Fig. 4b, there are one pitchfork bifurcation (at
E1(—1)) curve and two Hopf bifurcation (one at E;(—1) and the
other at E;3(—1)) curves which are labeled with Pg, 1), Hg, 1) and
Hg, (1), respectively. Also, there are a homoclinic bifurcation curve,
labeled with Homog, 1), on which system (7) has two homoclinic
orbits to E;(— 1), and a curve of fold bifurcation for limit cycles which
is denoted by FLC. In Figs. (9)—(14), several phase portraits and their
corresponding waveform graphs are given by choosing different
values for the parameters in different regions of Fig. 4b. Fig. 9 shows
that in region (I), system (7) has the unique stable spiral E;(—1). As
(w1,w,) passes the curve Hg, 1), system (7) undergoes a supercritical

a
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Fig. 12. Numerical results for system (7) in region (IV) of Fig. 4b when (w;,w,)= (—16.5,12.28). As (w4, w,) passes the curve Hg, (1), system (7) simultaneously undergoes

a subcritical Hopf bifurcation at Ex(—1) and E5(—

1); as a result, two unstable limit cycles emerge around these two nonzero equilibria and the equilibria themselves

become stable. The phase portrait (a) and its corresponding waveform graph (b) show that trajectories, starting from an arbitrary point in a neighborhood of each small
unstable limit cycle (outside of the small limit cycles), are attracted by the big stable limit cycle. The phase portrait (c) and its corresponding waveform graph (d) show the
attraction of the two one-dimensional unstable manifolds of the equilibrium E;(—1) by the stable limit cycle.
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Hopf bifurcation at E;(—1); therefore, a stable limit cycle emerges
around E;(—1) and the equilibrium itself becomes unstable. This can
be seen in Fig. 10 for the values of the parameters in region (II). As the
two parameters w; and w, cross the curve Pg, 1, and enter region
(1), two nonzero equilibria Ex( — 1) and E5( — 1) appear. In Fig. 11, the
phase portraits (a) and (c) and their corresponding waveform graphs
(b) and (d) illustrate that the stable limit cycle, generated by the Hopf
bifurcation, surrounds the three equilibria. Fig. 12 shows that when
w; and w,, pass the curve H, 1y and take their values in region (IV),
a subcritical Hopf bifurcation simultaneously takes place at the two
nonzero equilibria Ex(— 1) and E3(—1); as a result, two small unstable
limit cycles appear around these two equilibria and the equilibria
themselves become stable. Fig. 13 shows that as (w;, w,) crosses the
curve Homog,_1) and enters region (V), not only the two small
unstable limit cycles disappear, but also a big unstable limit cycle (not
shown in the figure) emerges inside the big stable limit cycle. The
phase portraits (a) and (c) and their corresponding waveform graphs
(b) and (d) show that trajectories, starting from an arbitrary point in a
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neighborhood of the origin outside of the big stable limit cycle, will be
attracted by the stable limit cycle. Also, all trajectories near Ex(—1)
and E3(—1) are attracted by one of these nonzero equilibria. This, in
particular, indicates that the two small unstable limit cycles are
eliminated. As the values of parameters are set in region (VI), the two
big limit cycles (one stable and the other unstable) disappear as a
result of a collision on the curve FLC. Fig. 14 indicates that system (7)
has no limit cycle in region (VI); therefore, all trajectories, starting
from an arbitrary point in a neighborhood of the origin, will converge
to one of the two nonzero equilibria.

5. Summary and further work

A three-neuron recurrent neural network has been studied in
the neighborhood of the Bogdanov-Takens codimension two
bifurcation point where the linear part of the system has a pair of
simple zero eigenvalues. It has been shown that if the slope of the

b
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Fig. 13. Numerical results for system (7) in region (V) of Fig. 4b when (wy, w,)=(—16.5,12.29). As (wq, w,) crosses the curve Homog, 1), not only the two small unstable
limit cycles disappear, but also a big unstable limit cycle (not shown in the figure) emerges inside the stable limit cycle. The phase portrait (a) and its corresponding
waveform graph (b) show that trajectories, starting from an arbitrary point in a neighborhood of the origin outside of the big stable limit cycle, will be attracted by the
stable limit cycle. Also, all trajectories near E;(—1) and E5(—1), are attracted by one of these nonzero equilibria; this indicates that the two small unstable limit cycles are
eliminated. The phase portrait (c) and its corresponding waveform graph (d) show that the two one-dimensional unstable manifolds of the equilibrium E;(—1) are

attracted by the two nonzero equilibria E;(—1) and E3(—1).
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Fig. 14. Numerical results for system (7) in region (VI) of Fig. 4b when (wq, w,) = (—16.5,12.3). As parameters enter this region, the two big limit cycles (one stable and the
other unstable) disappear as a result of a collision on the curve FLC. In this case all trajectories, starting from an arbitrary point in a neighborhood of the origin, will be
trapped in the basin of attraction of one of the two nonzero equilibria. This can be seen for two trajectories in phase portrait (a) and its corresponding waveform graph (b).

transfer function of the neurons at the origin takes positive
values other than one, system (7) can be reduced to the
Bogdanov-Takens normal form (20) when the two network
parameters are fixed at their critical values. By introducing the
unfolding parameters, a full investigation has been carried out on
system (25) in two different cases. In the first case when s=1, that
is when o > 1, it has been shown that system (25) undergoes a
generic pitchfork and a generic supercritical Hopf bifurcation at
the origin. It has also been shown that in a specific region in the
parameter space where system (25) has three equilibria, there is a
curve on which system (25) possesses two heteroclinic orbits
connecting the two nonzero equilibria. In the second case when
s=—1, that is when o; < 1, it has been shown that in addition to
the pitchfork and Hopf bifurcation curves for the origin, there
exists a bifurcation curve on which system (25) undergoes a
generic subcritical Hopf bifurcation at the two nonzero equilibria.
Moreover, the existence of a homoclinic bifurcation curve on
which system (25) possesses two homoclinic orbits to the origin,
and also a curve of fold bifurcation for limit cycles has been
shown. If the slope of the transfer function at the origin is not
equal to one, then system (25) will have at most three equilibria
and therefore some bifurcation curves presented in [7] will
vanish. If the slope at the origin is equal to one, the coefficient of
&} will become zero and as a result, we have to consider higher
order terms in the normal form of system (7). This suggests that in
addition to the two parameters w; and w,, the parameter o,
introduced in transfer function (4), can be considered as the third
bifurcation parameter in the study of system (7). In other words,
in the (wy,w,,a1)-space, the point (w},w3,05) = (=2/03,3/02,1) is a
codimension three bifurcation point for system (7) at the origin.
In this case, the normal form of system (7) contains fifth order
terms and its unfolding is provided by the three-parameter family

& =6, 57)
&y = &+ &+ 158 + b3 EEy a5y +bsETE,

where y; (i=1,2,3) are functions of w; (i=1,2) and «; (i=1,3,5,...).
The investigation of system (57) with three bifurcation para-
meters is interesting but that is beyond the scope of this paper.
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