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1.3 Example 3
Solve

d2w

dz2
+ f(z)

dw

dz
+ g(z)w = 0 (1)

Using the transformation
η =

∫
e−

∫
f(z)dzdz

But

dw

dz
=

dw

dη

dη

dz

=
dw

dη
e−

∫
f(z)dz (2)

And

d2w

dz2
=

d

dz

(
dw

dη
e−

∫
f(z)dz

)
=

(
d

dz
e−

∫
f(z)dz

)
dw

dη
+ e−

∫
f(z)dz

(
d

dz

dw

dη

)
=
(
−f(z)e−

∫
f(z)dz

) dw

dη
+ e−

∫
f(z)dz

(
d
dη

dz
dη

dw

dη

)

=
(
−f(z)e−

∫
f(z)dz

) dw

dη
+ e−

∫
f(z)dz

(
dη

dz

d

dη

dw

dη

)
=
(
−f(z)e−

∫
f(z)dz

) dw

dη
+ e−

∫
f(z)dz

(
dη

dz

d2w

dη2

)
But dη

dz = e−
∫
f(z)dz. The above becomes

d2w

dz2
=
(
−f(z)e−

∫
f(z)dz

) dw

dη
+ e−

∫
f(z)dz

(
e−

∫
f(z)dz d

2w

dη2

)
=
(
−f(z)e−

∫
f(z)dz

) dw

dη
+ e−2

∫
f(z)dz

(
d2w

dη2

)
(3)

Substituting (2,3) into (1) gives(
−f(z)e−

∫
f(z)dz

) dw

dη
+ e−2

∫
f(z)dz

(
d2w

dη2

)
+ f(z)

dw

dη
e−

∫
f(z)dz + g(z)w = 0

e−2
∫
f(z)dz

(
d2w

dη2

)
+ g(z)w = 0

d2w

dη2
+ g(z)e2

∫
f(z)dzw = 0
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