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l- lntroduétion 
é. 

'The calculation of energy leveis of magnctic ions in cry§talline electric 
. fields is oftén th~ cause ·of considcrable

1
confµsion. This confusion largely 

arises, no~ thrõugh -the fundamental theoretical pi-inciples which are now 
,well established, but from the large number of different and often not f ully 
defined notàtions used, occasional errors, ·and -the fact that one author 

• seldom gives an exàmpl~ of calculation froll). start to finish . This discussion 
contains no original cqntribution to the problem, but it is hopcd thdby 

· illustrating how the e;;ergy le~els may be calculated on the basis of a sin~plc 
point-charge ionic model of the crystal lattiée, the connection betwecn the . . 

-~ . . 
- • This ·woi-k was supporild by the U.S. Air Force, the U.K. Dcpartmcnt oí Scientific 

and Industrial lles;;ar~h, and the U.S. Atomic Energy Commission . 
t Pr~:;.;nt ad~ress : Yale U~i_vc~ity! Ncw Havcu,· Connecticµt. .. 
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ntrious forms of crystal-field Hamiltonians will be clarificd . Particular 
reference will be made to fie_lds of cubic symmetry. 

Ií the crystalline electric field effects are takcn as a perturbation on the 
nppropriate free-ion wave functions an<l encrgy leveis, the problcm becomes 
that of finding the perturbing Hamiltonian and its matrix clcmcnts. Thc 
energy leveis in thc crystal field can then bc found from standard perturbn­
tion theory. Thc simple point-charge model uscd to calculate the Hamil­
tonian is knom1 to possess severa\ weaknesscs. I t neglccts the finite cxtcnt of_ 
charges on the ions, thc ovcrlap of the magnctic ions' waYc functions with 
those of neighboring ions, and thc complex effects of "screcning" of thc 
magnetic electrons by the outer clcctron shclls of thc mngnetic ion. How­
e,·er, 1t serves as a first apprÜximation to illustratc the principies involved, 
and may be used tocalculate ratios of terms of the sarne degree in the 
Hamiltonian for lattice sites of high symmetry, since thcsc ratios are in­
dependent of the model used and are detcrmincd solely by the symmctry. 
Certain rcfinements of thc ionic model for rare-earth compounc.ls, for which 
it is most applicable, have been discussed by Hutchison and Wong,1 
Hutchings and Ray,2 and Lenander and Wong.3 

2, li. Determinalion of lhe Perturbing Hamiltonian 

On the basis of a simple point-charge ionie model the determination 
of the perturbing Hamilt.onian is primarily the evaluation of the elect:o­
static potential V(r, e, qi) dueto the surrounding point charges, ata pomt 
(r, e, q,) near the origin at the magnetic ion in question : 

q; 
l'(r, e, q,) = L 1 (R; - r) 1 

J • 

(II.1) 

where q; is the charge at the jth neighboring ion, a distance R; from the 

origin. b' 
If the magnetic ion has charge qi at (r i, 8i, efi ;) , then the pertur mg 

crystalline potential energy will be 

q,q; 
w, = ~ q;V; = L L 1 (R; - r.) 1 · . ~ , . 

(II.2) 

We are normally only concemed with Li over electrons in unfilled sh; lls, 
as the crystal ficld affects closcd shells only in a high order of perturba-

' C. A. Jlu td,ison anti E . Y. Wong, J . Chem . Phys . 29, 754 (195SJ . 
' ~I. T . Ilu td ,inrs anti D . J{. füy, Proc. Phys. Soe. (Lcndon) 81, 663 (1963) . 
1 C . J. Lenantlcr an ti E . Y. Wong, J . Chem . Phys. 38, 2750 (1963). 
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tion . This is also truc for ions in an S state, and tbroughout wc sha!J orni t 
such ions from the discussion. 

The crystalline potential, Eq. (II. I ) , may be calculated in Carlc3ia11 
coordinates, or dircctly in tcrms of spherical harmonics. Thcsc t wo mctlio<ls 
and their co11ncction will be illustrated bclow for crystal fic lds of cubic 
symmetry. 

1. EvALUATION' or THE CnYSTALLI"XE E LEcrn1c PoTE-"TI A L >°L\.TJ. J. 

MAGNETIC Iox 1:-. TE1rns or C,rnTEsu:--: Coonor:-.ATES 

As an illustration wc shall calculatc the potcntial at a point (z , 1/ , z) 
near thc magnctic ion as origin for thrcc arrangcmeuts of charges giving 
a cubic cryst.alline elcctric fielc.l , that is, near an origin of cubic point sym­
metry. The simplcst three such arrangcmcnts are : 

( I) When thc charges nrc placed at lhe comcrs of an ocl.!lhcc.l ro11 
(sixfolc.l coordination) . 

(2) When thc charges are place<l at lhe comers of a cube ( eighlfold 
coordination) . 

(3) Whcn thc charges are placcd at lhe comers of a telrnlicdro11 
(fourfold coordination) . 

\V e shall see ]ater (Scction 4a) that it is only ncccssary to exp:rn<l tlic 
potential up to terms of sixth degree. 

a. Si.rfold Cubic Coordinalion 

Consi<lcr the potential T' (z, y, z) at a point P, (.r , y, z) , <luc to point 
charges of charge q at the corners of an octahedron ; i.e., at (a , O, 0), 
(-a, O, O) , (O, a, O) , (O, -a, O) , (O, O, a) , and (O, O, -a) , as shown in 
Fig. 1. Then V(x, y, z) = V:+ Vv + V, , ~here 

T• [ 1 1 ] ' : = q . +------
. (r? +a?-2ax)I (r?+a?+2a.r) I ' 

) 

l'v = etc ., and r? = x? + y? + z?_ Now let A = (r! + a!) , B = r?/ a?, anc.l 

X= 2a.r = 2x l 
.A a (l + BJ ' 

2ay 
Y = - · 

A ' 
2az 

Z = 
,1 

Expanding up to terms of sixth degrcc, for Ri = a > r : 

V(x, y, z) = (q/Al)[(l + X)-1 + (1 - X) - 1 + (1 + Y) - 1 

J 

+ (1 - Y)-1 + (I + Z) - 1 + (1 - ZJ- 1]. 1 

-------·-----· --- -·-·--1 .. ,'. , 
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2~ 1 

(1 + X) - 1 + (1 - X) - 1 = 2 + ~ x2 + 35 
X4 + )3fl3 X6 

4 G4 G4•2<t . 

Therefore, s 

[ 
3 3· 

V(x, y, z) = 11 6 + 4 (X2 + Y2 + z2) + 
6

~ (X4 + }'4 + z1) 

+ _m3 (X6 + J'6 + Z6)] 
\ ~4-2-L 

= <j_ [o(l + B) - 1 + 3.4 (:r2 + y2 + z2) 
a 4 a2 (1 + B) 512 

3,'i•l6 (x·1 + y1 + z1) fü):l-G-1 (.r6 + y6 + zG)] 
+ ci4 a4(J + B)9l2 + 6-1·2-Ja6 (1 + B)IJ/2 

q f (x2 + yz + 2 2) g (:r2 + y2 + 22) 2 
= - tº - 3 + -a a2 4 a• 

}.j (x2 + y2 + z2)3 (x2 + yz + 22) - - ----- + -'-------'----
8 a6 a2 

[ 
15 (x2 + yz + z2) 10.j (x2 + y2 + z2)2] 

X 3 - 2 a2 + 8 ai 

(x 4 + y4 + zl) [3.'S _ 35·9 (x2 + y2 + z2
)] 

+ a4 4 8 a2 

G93 } + _ (xG + y6 + z6) . 
24a6 

Therefore, collecting terms, 

Gq 21q 3,iq (x 4 + y1 + 2
1

) 

V ( ) = - - - (x2 + y2 + z2)2 + - , x, Y, z a 4as 4 a' 

90q (x2 + y2 + z2 ) 3 2:3Jq (x6 + y6 + 2
6

) 

+ ----'--- + -8 a1 8 a1 

. - 35·!Jq (x2 + y2 + z2) (x• + y4 + z4) 

8 a7 

ENEHG-Y LBVELS OF IO='IS IN -CHYSTAL FIELDS 

(0,- a,O l 

z 
(O,O,al 

/ 
/ 

/ 

ÍP-P(x ,y,z} 

/ 
/ 

1 (-o,0,0) 

--0---------,-,,tl',:-------o- y 
(O,o ,0) 

X 
(o,0,0) 

(0,0,-a) 
' · 

Fw . I. Sixfold cubic coordination. 

2.11 

We now make use of severa] cxpansions listed bclow. (Thcse includc also 
some which will be requircd ]ater.) 

( x + y + z) 2 = x2 + y2 + z2 + 2 ( z y + xz + xy) = r2 + 2 ( zy + xz + x !J) 

(x + y + z)3 = xJ + y3 + z3 

+ 3(xy2 + xz2 + y:r2 + yz2 + zx2 + zy2) + G.ryz 

(x + y + z) 4 = r1 + 4r2 (xy + yz + z.r) + 4(x2y2 + y2z2 + z2x2) 

+ 8(xy2z + x2yz + .TZ
2!J) 

(x + y + z) 6 = x6 + y6 + z6 + 15(x2y4 + x2z' + y2x4 + y2z4 + z2x4 + z2y4 ) 

+ 90x2y2z2 + tcrms where x, y, or z occur to an od<l power. 

r2 = x2 + y2 + 22 

r4 = xi + y1 + z4 + 2x2y2 + 2y2z2 + 2z2x2 

r6 = x6 + y6 + z6 + 3(:r1y2 + x•z2 + y•.-i:2 + y122 + 21.r2 + z·•yz) 

+ Gx2y2z2. ( 1. 1) 

Using these we find 

6q (35q)[ ] V (x, Y, z) = -;; + 
405 

(x 4 + y4 + z4
) - ir• (

-21q) 
+ 2a7 

( 1.2) 
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F10. 2. Eightfold cubic coordiuation . 

An alternative method of calculating this rcsult is to make use of 
Taylor's series, expanding up to n = 6: 

n-

6 

1 [ ( a ) ( a ) (ª ) ]' , F(x y z) = í:- x - + y - + z - l (x, Y, z). 
1 1 r.-on! axo ayo azo 

b. Eightf o/d Cubic Coordinalion 
W e now repcat the sarne calculation for eight charges at the cor~1ers 

of a cube ; that is, we consider the potential ata point (x, y, z) dueto e1ght 
point charges q at positions : (a, a, a) , ( -a, a, a), (a, -a, a) , (a, a, -a), 
(a, -a, -a), (-a, a, -a.), (-a, -a, a), and (-a, -a, -a), as shown 

in Fig. 2. . a· · b 
I 11 principie this is a similar case to that of s1xfold coor mat10n, ut 

requires more te<lious algcbraic manipulation. . 
Choosing axes as shown in Fig. 2, ,,·e calculate the potent1al l' A, at a 

point P, (x, y, z), dueto the charge q at A, (a, a, a). Consider the plane 

o 
Fio. 3. (Scc tcxt.) 

ENEHOY LEVELS OF IONS IN CrtYSTAL FIELDS 

cont.aining the origin O, the point P, and lhe charge at A, when n, 
avJ > r (where r2 = x2 + y2 + z2

). Let AP = b (fig. 3) : 

VA = +q = +q 
b [(a - x) 2 + (a - y)2 + (a - 2)2]1 

+q +q 

2:3:3 

---
[il-2a(x+y+z)]I ,li ( 1 + J' ) I ' 

where A= 3a2 + r2 and Y = -2a(x + y + z) /A. Expanding, 

3 !i 3.5 G3 231 
(1 + J,') - 1 = 1 - l Y + - y2 - - }'3 + - Y4 - - Y5 + _ J'6 .. . 2 23 2' 27 23 2'º · 

Thcrefore, 

_ [-1- a(x + y + z) ~ a2(x + y + zf ~ a3(x + y + z) 3 

VA - q ,.1112 + AJ/2 + 2 A5/2 + 2 A" 2 

3:3 a4(x + y + z)' G3 a5 (x + y + z) 5 

+ 23 A 9t2 .. + 23 A 1112 

231a6(x+y+z) 6
] + 2' Au12 ••• 

Kow let X = r2/3a2 ; i.e., A = 3a2
( 1 + X) . Then dcnoting each term in 

the square brackets by Roman numerais, and expandi11g up to powcrs of 
sixth <legree, with r 2 = x2 + y2 + z2, we have 

1 1 [ · 1 (x2 + y2 + z2
) 

I = -(3-a2-)I (1 + X)-l = -(3-a2-)I 1 - 2 ----"3a_2 __ 

3 (x2 + y2 + 22)2 5 (x2 + y2 + 22)3 ] 
+ 8 9a' . - 2' 2ia6 + .. · ; 

a 
II = -- (x + y + z)(l + X)-3

'
2 

(3a2p12 

- - ª- [ x z - (x2 + y2 + z2) (.t + y + z) 
- (3a2)Ji2 ( + y + ) 2a2 

+ _5
_ (x2 + y2 + z2)2(x + y + z) + · · · ]: 

24a' 

1; 
1 . 

'/ ; 
1, 

( 
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VII 

:; ,, , 
., ( ' ' ' )~ ; ( .r -1- y -1- ;)'1 ( 1 + X) 1,11 
- ·'" 

:J~ 1 + S -!)11' (.r' + !I' + : ' )1(.r + // + z)' + ... . ; 

: , 11' .-,"' 

1 (,'' c1')111 (.1: + !/ + z) '( 1 + X) ,n ~ - - -
- ' 2(:ln' ) m 

X [ (.r + y + z)' - G:' (.i:' + y' + z' ) (.r + y + z)' + ... J 
:3:i a• 

8 (:Jn') 917 (x + y + z) '( I + X) - m 8 (:la')'12 

X [ (x + y + z) ' - ~ (1:' + y1 + z') (:r + y + z)' + • •. ]: 
Gn-

G:3 a1 

- -- (r + y + z) 1 [1 + · • • ]· 
8 (:3a') 1112 · , 

2:l( aG -
:2' (:Ja')'ll1 (:r + y + z)º [I + · · ·]. 

We must now add the potential dueto each of the other scven charges. 
I l owever, ,,·e note that thc potential at (x , y, z) dueto charge at ( -a, a, a), 
for cxample, is l' n = q/[(-a - x )1 + (a - y) 2 + (a - z) 2]1, which is 
thc sarne as that at ( -x, y, z) due to q at (a , a, a) . Thercfore wc nced 
mcrcly acld nll the corresponding terms occurring in V ,1 with x --. -x. 
For ali tl,e charges, the potential will bc tbe sum of ali terms arising from 
thc clifTcrcnt combinations of ±x, ±y, ±z. Thc result is that ali odd clegrce 
tcrms canccl , as do ali terms in which x, y, or z occurs to an ocl<l powcr ; 
c.g. , xy, x2yz, etc. Tcrms in which x, y, and z cach occur to an even power 
will be the sarne for each charge, and simply a<l<l . 

-· - - ,·- ··-- · - -

1 

1 

1-: 

f•:~ f•: IICJY J, J,; VJ•: J.M í!l f JIJ NM IN C ll '{lfTAJ. fl l 1' Ll111 

'f'li lJ fl! fr :va11f. l.r:r111 M i11 I' A an:, U11:rdorr· ., 

rr ,, ,r., ., J 

{ 
1 ,- - 1 

I' A ' 'I (:!~11)1 + _:t(:l,t')lil (J;'' + 7;2 + z') -1 
:i (( 1 1 
2 (:l"')'·'' (.e -1 !/ -1 z )1 

:1 a2 !í 
- 2 (:ln') G/7 fui; (x' + 71' + z1

) (x -1- 7/ + z) 2 

:i!i a' ·1 + 8 (:la2)012 (x + y + z) ◄ _ 

+ [~ ~ (x
2 + 71

2 + z')-1 
(:la') 112 '..:! 1 27116 

:1 a2 :1:i 
+ 2 (:!a')õ /2 8 · !Ja ◄ (:c2 + ?/ + z2)'(:i: + ?/ + z)'' 

35a4 !) ' 

- 8(3a')D'2 6a' (x' + y' + z2) (x + y + z) ◄ 

231 a
6 

]} + 24 (:la') 1i12 (x + Y + z)& + odd-dcgrcc tcrms. 

~sing_ Lhe expansions in Eqs. (1.1) , and adding thc eontrib;,tio11 frr, 111 

ull erght 10ns, we find, ufter eanccllation of thc rcmni11i11g odd tcrrns, 

V(x, Y, z) = q (~ + [- ~ r' + 3 .g·r,] + f3 ·8 r• - :! -5 -8 r •I 

d 2d3 Gd3 \S<fG 2 · llr/ô 

35 8 } + 8-9 ~ [r1 + 2r4 
- 2(x4 + y1 + z·1) J 

+ {- _!i·_8 r6 + 3·8·3.5r
6 

_ 3-'> ~ ~ 
1 ücl7 2d7 · 2-l 8 d7 2 

X [r6 + 4r'(:i:2y1 + y222 + z'.r2) J + 77 _8_ 
!J I Gcl7 

X [15r6 - 14 (x6 + yi + zõ) 

- 30(x2y4 + x1z·1 + y7r 1 + y2z' + z2x4 + zV) J}) 

_., ., ,·u . • ,,,1 ,"istrnnn, l' rmr.elon, N(\w Jersey, 19.'iG. 

,-

1 

\ 
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i.r,<'i-c d = vJ_a = _distance of the cight charges from thc origin. Thc sixth­
d c i; r<'c tcrm s11nphfics to 

' 

{ 
5 r 6 35 r 6 35r6 35 · · 

- 2 d7 + 2 d7 - 2á1 - 2á1 [2,-6 - 2 (.t6 + y6 + z6) - 2 (x114 + .. . ) J 

77 1 + 
18 

d7 [1 5r6 
- 14 (x6 + y6 + z6) _ 30(x2y4 + ... )]} . 

Collectin~ terms, wc find that the total potcntial, expresscd in thc same 
form as for s1xfold cubic coordination is 

1 

( 1.3) 

e. Fowjold Cubic Coordination 

If the axes are chosen carefully, the potential at a point P near the 
origin dueto a tctrahedron of charges follows immediately from Section 1 b. 
ln fig. 2, if we consider the cube to be made up of two tetrahedra, AFHC 
and EBGD, it follows that the contribution to the even-degree terms in the 
potential from each of these is just half that from the total , as they are 
equivalent except for a rotation of the axes of 90 deg about the z axis. 
This rotation will not affect even terms in V because of the symmetry in 
x , y, and z and the fact that they are each raised to even powers. There will 
in this case be further odd-degree terms, but we shall sce in Section 4a 
that thcsc do not affcct the energy levcls if only one configuration is con­

sidered. 

d. Summary : Cubic Potential in Carlesian Coordinales 
The potcntial energy ofa charge q' at (x, y, z) in the potentials we have 

just calculatcd will be of the form 

ffc = C,[ (x' + y' + z4) - ir] + D6[ (x6 + y6 + z6
) 

where thc coefficicnts are given in Table I; d is now the distance of the 
point charges q from the origin in each case (d> r) . Axes are chosen in the 
manner di scussed a bove. The initial term in Eq. (1.3) only afTects the zero 

of energy and has becn omitted. 

ENEriGY .LEVELS OI-' · ro NS 1/{ C1n'STAL FI ELDS 

TADLF. I . C 0En-1c1ENTS C, AND D, (EQ. 1.4 ) r on TIIE T unEi-; Coonoi ;-,; n ,o:-s 

Eightfold coordina lion 

Sixfold coord inalion 

~ Fourfold coordination 

e, 

_íOqq ' 

9d' 

35qq' +­
-ld' 

_ 35qq' 

9d' 

D, 

2'2~qq' 

!ld' 

_ I l'.?qq' 
!)cf 

/ .,,,-
/_,,..,-

The form of the ex~ression for ll'c given in E q. ( 1.4) is frequently quotc<l , 
but there is often confusion over the magnitude and sign of the coeflici cnts 
[see, for example, Low,4 p . 15. There is an error in sign of D6 in his Eq . 
(5 .5)]. Before its matrix elements can be convenicntly found from tablcs, 
it must be rearranged as in Section 6a. 

2. EvALUATION oF THE CRYSTALLINE ELECTRic PoTE:-iTIAL K EAl1 A 

MAGNETIC loN IN TERi\IS OF SPHEIUCAL HAfü!ONICS 

It is far more convenient to express the crystalline electric potcnt ia l 
due to surrounding point charges in spherical harmonics, or tesscrnl ha r­
monics, for two reasons. Firstly, a general formula for its cvaluation can 
easily be derivcd; secondly, it is far easier to calculate thc matrix clcmcnts 
of the potential energy in this form. 

The method of calculation is discussed by Griffith 5 paae 199 and 
Prather,6 page 6. It is based on the spherical harmonic ~dditi~n the~rcm. 
This expresses the angle w between two vectors r and R in tcrms of their 
polar angles (e,, tf> ,) and (ei, ,t,J : 

(See Griffith,6 page 75, for example.) Here the Legendre functions, 1\ "' 
(where we use· thc term Legendre functions to cover both the Legendrc 
polynomials Pnº and the associated Legendrc polynomials Pnm (m ,é O) , 

4 W. Low, Solid State Phys . Suppl. 2, (19G0) . 
• J. S. Griffith, "Thc Theory of Transilion-l\Ictal Ions." Cambridge Univ. Prcss, Lomlon 

nnd New York, !9Gl. 
6 J. L. Prnlhcr, " Alomic Energy Leveis in Crystals." N. D. S. I\Ionogrnph No. 19, 19GJ 
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Tu •1 , · 11 . ~ n \l E <H' nn: i\l o rn: Co~JMO N J.Y O ccU HlllNO L1-: 01,; :-;1, 1n: FuNc-rr o:-; ~ 
(n R ddi rn·d by E <J . (2 .2)) 

!',• koR O) "" l(:l ros'O - 1) 
! ' ,' (cos o) = 3(1 - coM2 0) 

I' ,• (cos O) = A (:F, r.os• o - :io cus2 o + 3) 

/ '.' (cos O) = Jt( 1 - cos' 0)(7 co8• o - 1) 

P,' (cos O) = 10,'i(l - r.os' o)! coso 

P ,• (co~ O) = 10.'i(I - ros2 O)' 

I' •• (cos O) = y\i-(211 cos1 O - :31 :i cos• O + 105 cus' o - 5) 

/' 57 (cos O) = 1-p.(1 - cos' 0)(33 cos• O - 18 cos2 O+ J) 

P,' (cos O) = ~ () - cos7 o)!(J 1 cos' o - 3 coso) 

P •• (cos O) = .i.p-(1 - cos2 O)'( 11 cos2 o - J) 

P&8 (cos O) = 10,39.1(1 - cos2 O)' 

and spherical harmonics, Y" '", are defined as 

Pnº(µ) = (l/2"n!) (d"/dµ") (µ 2 
- l)" j 

Pn lml(µ) = (1 _ µ2)lrnl /2(dlml/dµlml)PnD(µ) 

Yn"'(8, </,) = ( - ]) cm+ lmll/2 [ (2n + 1) (n - j m 1) !]! 
2(n + 1 m 1) ! 

µ = cos 8 

1 . 
X (

2
7r)I Pn 1'" 1(cos 8) X exp(imef,). (2.2) 

Some of the more rclevant Legendre f unctions, and spherical harmonics 
are listcd in Tablcs II and III. l\fore complete lists are given by Prather, 6 

pagc 4 (with difTerent normalization of thc Legcndrc functions from those 
dcfin cd in Eq . (2.2)), and also by Jahnkc and Emde,7 pages 107 and llO. 

Now thc potcntial V(r, 8, </,) , ata point (r, O,</,) , dueto a number of 
charges 'lí at Ri is given by Eq. (II.l) : 

q; 
V(r, 8' </,) = ~ 1 (R i - r) 1 · 

7 E . J a hn kc a 11<l F . E m<lc, " Tuhlc8 of Funclions, " 4th ed . Dovcr, Ncw York, 1945. 

E.,a: ,w y Lf•: vt:LK OY 10 ,'\ f, 1:-1 (; fCY S'f'AJ, F' l F. J.DH '.ti() 

TA111. r. Ili. 80~1~; º" Tm; M onr. CoM 
(OJ! dr: fi n~/f~y" ~-~1-º(~c~))rt1.'IO S1•11 u 11c A1. II Art .\lo.-.i ,cs 

Y,• = K~Yc3 cos' O - J) 

1(1 :i)I y, u = - - xin 2 O ei"• 
1 2 ,,. 

}'. 3 J • = 16 ;i(35 cos ' O - 30 co~2 o + 3) 

3( r. )' Y ," = 8 i si n• 0 (7 cos' O - 1 )e"'• 

} , ±J 3(35)' . < = =t=8 •-;; Sln3 0 COS O e±l l♦ 

3 (:J.'i)I Y,±• = - - s i11 • O e*•;• 
JG 2 ,.. 

1 ('3)1 

Yc° = 32 -;; (231 cos9 8 - 31 5 cos' O + 10.5 cosi o _ 5) 

1 
(
·r 3o)I Y*'=-:!__ · , • 

64 2
1r s111 0(33 cos• O - 18 cosi o + 1 )e±>•• 

}' ±J 1 (:27:'!0) 1 

5 = =i=32 ~ sin ' 0(11 cos' O - 3 cos O)e*',. 

}. *' 21(13)
1

• • = -
39 

- s111 • 0(11 cos' O - I)e±••• 
- 14,,. 

, 231( 1:1 )' } &*' = - - sin 9 8 e*'•• 
64 2311r 

If w is thc anglc bct\\'een r and R then 1 

1 ~ r" 
1 (R - r) 1 = E R Cn+l) Pnº(cos w) R > r . 

(See, for example, l\Jargenau and Murphy,8 page 100.) · 
In order to avoid thc use of imaginnry quantitics, we define tcsscral 

' II . J\lnrgcnau nnd G. M . i\[urph:\•, "Thc i\Iat.hcrn1ttics of Physics and Chcm isl n · " 

2ml cd . \'1t11 N'ostrand, Princcton, Ncw J cr.acy, [9.'i6. · ' 
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hnrrno n ic,; as 

that is, 

Zno = Yn° 

ze""' = 

Z "nm = 

(J / YL)[J'. - m + (-J)mJ' 0 mJt · 

(i N 1)[J",.- m - (-l)"'Yn"']' 
m > O, 

Z_.o = Y,.0 

zc = [(211 + J) (11 - 111)!]! COS lll</l 
""' '> ( + ) 1 l\"" (cos O) -,-

- li Ili . \-;r 

Z' - [(211+1)(11-m)!]',.. sin111</) 
""' - 9 ( ) 1 P. (cos O) - ,-

- 11 + m . \ir 

Then from thc sphcrical harmonic addition theorem, Eq . (2 .1) , 

(2.4) 

(2.;j ) 

(2.G) 

whcrc thc Z 's are ernluated for the points r and R, and the summation is 
over a ; that is, for each 11 , therc are terms Z.o, z, ... , and z,""' for ali m. 

Hence, if V(r, B, <ti) is dueto a charge q;, at R;, using Eqs. (2.3) and (2.G) 
in (II.l) , 

r(r, B, ct>) 

and for k charges 

l' (r , B, <ti) t L r"ynaZn,/0! cp) , 
n- o o 

wherc 

i'na = 
~ 4'r Z.a(B;, </l;) 
L, ) q; RC.•+I) 
;-r (2n + I ! 

(2 .7) 

This is a vcry convenicnt form in which to write the potential. If the 
z.,. are expresscd in Cartesian coordinates, there is an immediate cor­
rcspondcncc bctwecn thcm and SteYens ' " operator cquivalents, " which 
can be uscd for the evaluation of the matrix elements. These will be dis­
cusscd in Scction 5. Thc tesseral harmonics used here are identical with 
thosc of Griffith,5 page 200, and Prather,6 page 4, although Prather uses 1·' 

i . 
1 
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thc notation C.m = Z' ,,.,, ; S,,"' = Z•.'"· Prathcr,6 pages 4 and 5, gi,·cs cx­
prcssions for thc C."' and S."' up to ordcr n = 6, m = 6, in tcrrns of Car­
tcsian coordinatcs (:r, y, z) . A few of the more commonly occuning 2' .,,,, 
are listed in Table IV. 

TAuLE IV. Som: OF TII E l\lonE Co~niONLY OccunmNG T Essi::nAL II An~10:-.1cs 
ExrnF-ssF:o IN CAHTESIAN CoonorNATF:S' 

Z20 = K~)1

[(3z' - r2)/r'] 
"-:.-:--' 

z,,, = ~(1,,.5)
1

[(x' - y')/r'] 

Z ,0 = i(.!..)[(35z' - 30z1r' + 3,-,)/r'] 1G ,,., 

-------z , '2 = ~(;)
1
[(7z' - r2) (x' - y')/r'] 

3(7º)' z ,., = - - [z(x3 - 3xy')/r'] 
8 ,r ' 

3(-º)' z,., = 8 ~ [z (3x'y - yl) /r'] 

3 (35)' z , .. = - - [(x' - 6r'y' + y')/,-,] 
16,,. - - - - --

z• .. = i(35
)

1

[4(x3y - ylx)/r'] 
16 ,,. 

1 (13)' Z60 = - - [ (231z 6 - 315z'r + 105z'r' - Sr') / r' ] 32 ,,. 
'---.__,/ 

1 (2730)1 
. Z 'n = - - [(16z' - 16(x' + y')z' + (x' + y') ' ) (x' - y')/r'] 

6-1 .-

1 (2730)
1 

z ,63 = - - [(llz' - 3zr' ) (x' - 3ry1)/r' ] 32 ,.. 
. 21(13)

1 
Z ' u = 32 1,.. [ (l lz' - r') (~~-=-6r'y' + y') !~ 

231( 2G )
1 

Z ' u = - - [(x' - 15x1y1 + 15r'y' - y')/r'] 
· . · 64 23lr . 
~ 

' Ir required in polar coordinates, they can be found from Table III aod Eq . (2.4) . 
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.\ n :iltc rn:lti,·c wny of cxprcssing l' is to writc it dircctly in sphcrical 
hsrn1011ics, using thc form of thc sphcrical harmonic addition thcorem in 
Eq . ( '2 . l ) . Dropping thc i 's , 

I: (J j 

, i (R, - r) 1 

Therefore, 

n 

L, L 1""'Y
1nmYn'"(8, cf>), (2.8) 

where 

1 
'Y nm = 

4ir q · 
" -----

1 (-l)mY - m(8 · <f, ·) 7 (2n + 1) R~n+l) n , , / . 

To illustrate the use of Eq. (2.7) let us once again determine the po­
tential due to a cubic crystalline environment, using polar coordinates. 
We shall see that in this case we really require only the following tesseral 

harmonics : 

1 ;3 
Zoo = -· 

2\Ç ' 
z40 = --r (35 co~• 8 - 30 cos2 8 + 3) 

16\ir 

Z6-0 = · 1? (13)1 (231 coss 8 - 315 cos4 8 + 1Q.j cos2 8 - 5) 
.3_ 1r 

Z'u 

= _}_ ( 35
)

1
sin4 8 cos 4<f, 

l G ir ---v 
2 (~)! J l cos~ 8 - 1) sin4 8 cos .:!<f, 
:t? 1r -

Wc shall first cons1 er the case of octahcdral symmetry. 

(2.9) 

a. Sixfold Cubic Coordination 
Thc r,urrounding ians are at positions (r, 8, cf>) of (a, O, O); (a, 1r, O); 

(a , 1r/2, O) ; (a , ir/2, ir); (a, 1r/2, 1r/2); and (a, ir/2, 31r/2) . Only the,an-

ENEHGY LBVELS OF l01\'S IN CltYSTAL FIELDS 2.J3 

guiar coordinates vary from ion to ion . We must consider thc contribution 
to tcrms Zn,,, for ali n and m, up to n = 6 (see Scction 4a) . 

From the dcfinitions of thc Zn., WC sec that ai] 'Y'nm with m = 2, 4, 
and 61 will bc zero bccause sin mcf> = O for each charge ; and considcri n~ 
each othcr -y.,, in tum, it can casily be seen that most of thcm are cqual 
to zero. For examplc, 

J (-12)1 
Z'31 = 8 --;; (ii cos2 8 - 1) sin 8 cos <t> , 

and therefore 

._,e = q ! (42)!• 4ir_.!._ 
' 31 8 7r 7 al 

X [O + O + ( -1) · 1 · l + ( -1) · l · ( -1) + O + O] = O 

The only nonvanishing terms are found to be 'Yoo, 'Y◄ o , 'Yso, -Y'H, and 'Y'sJ ­
That is, there are only fourth- and sixth-degree terms, besides i'oo- Using 
Eqs. (2 .7) and (2.9), the contribution to these terms is 

12 ,ç 
'Yoo = -- q 

a 

3 1ir q ,,ç q v 
'Y40 = -r [2• (35 - 30 + 3) + 4·3}-·- = - -

16 \.ir , · 9 as 3 as 

1 (13)1 
4ir q 3 (ir)! q 'Yso = - - [2· (231 - 315 + 105 - 5) - 4·5}- ·- = - - -: 

32 ir 13 a7 2 13 a' 

;3 (;3;"j)l 4ir q (3:í ir) 1 q 
'Y'o = - - [O+O+l·l+l·l+l·l+l·l}-·- =-- -· 

1ü ,,,. 9 as 3 as 

3 (91)' . -y'64 = :- - [2 · (11 - 1 ) · O + ( - 1) · 1 · 1 + ( -1) · 1 · 1 + ( -1) · l · l 
32 ir 

Neglccting the Y0º tcrm, which will only affect the zero of energy, wc 

substitute these valucs in 

l'(r, 8, cp) ~ r4-y4~y4o + r4(-y'44/v1)(LLJ __ Y_L) + r5
-ysoU 

+ r6{1''64/v'1) ( Ys4 + Y&-l) , (2. 10) 

!t 
1 

j 
' 

1 

1 

1. 

/1 
1 
1 

) , 1 

l 
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:1nd fo llowi ng thc noto.tion of Blcaney and Stevens,9 page 129 (for the 
four th-<lcgree tcnns only) , wc have 

l'(r. 8. cp) = D4
1[ Y4° + (5/14)1( Y4

4 + Y,- 4)] 

+ D6t[Y6° - (7/ 2) 1(Y6
4 + Y6- 4)], (2.11) 

,rhcrc 

and 

b. Eighlfold Cubic Coordinalion 
Here ali the ions are at the sarne distance d = ,!Ja , and agnin only thc 

angular coordinates diffcr for each ion. Wc have charges at (d , 01, 71' / 4) ; 
(d , 01, 371' / -l) ; (d , 01, 571'/4) ; (d, 81, 771'/ -l) ; (d , (11' - 81) , 71'/ -l) ; (d . (11' - 01) , 
371' / -l) ; (d , (11' - 81) , 571'/ 4) ; and (d , (11' - 81) , 771'/ -l) , wherc 81 = tan- 1 ,f'J. . 

We can see immediately that there will be no contribution to 'Y'n .. 

whcn m = 4, or to 'Y ' nm whcn m = 2 or G, as sin mef, and cos mef, Yanish in 
rcspcctivc cases for each ion. On summing over thc coordinatcs of ali cight 
ions wc can easily scc that oncc again we are left with contributions to 

only 'Yoo, 'Y•o, 'Y6o, -Y 'u, and -y ' 54. 
Substituting 8 and <f, for each ion in these terms and summing, we find 

that : 
-y00 = (1 G \';-/ d) q ( this is thc coefficicnt of Yoº = 1/ (2 \Ç), and con-

tributes 8q/ d to the potential, but affects only the zero of encrgy) ; 

32 (71')
1 

q 
')'60 = 9 13 .J, ; 

8(:3:í1T')I q. , __ 32(h)'·~ 
-y< 44 = - 27 . d5 ' 'Y 64 - 9 13 d1 . 

Substituting these values in Eq. (2.10) and writing the potcntial in 

the sarne formas Eq. (2.11), we have 

1·( , , o, <t,) = ])4
1[Y4º + (:i/14)1(Y•• + r◄- 4 )] 

+ D
6
t[Y

6
º - (7/2)!(U + Y5- 4

)], (2.12) 

where 

56 r qr4 

D. 1 = - 27 \71' d5 ' 
and 1 _ 32 (~)' qr

6 

D6 - 9 13 d1 . 

• n. Dlcan cy a11<l J{. W. H . Stevens, Rcpl. Progr . Phys. 16, 108 (1953) . 
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e. Fourfold Cubic Coordination 

Jf we choose the axes as in Section 1.(c) , then by similar symmrtry 
argumcnts wc see that the even-degree tcrms in thc potcntial are just 
half thosc dueto the full cube (cightfold coordination) . 

d. Summary : Cubic Potential in Spherical lfarmonics 

To summarize, we have for the potential encrgy W, of a charge r/ at 
(r , O, cj,) in the potential due to charges q, at distanccs d from thc oriain 
(d> r) , and arranged with the three coordinations and axes choscn as

0

in 
Figs. 1 and 2: 

w, = D/1 Y.0(8, <1>) + (5/ 14)1[Y4•(o, <1>) + v.-•(o. <t,)Jl 

+ Ds'I Yl(8, <1>) - (7/2) 1[Y6•(o, c/J) + Y6-•(o, 4>)]1 (2_1:3) 

where D.' and Ds' are given in Table V. 

TAnI,E V. CoEFFTClENTS D/ ANO De' (EQ. 2.13) FOR TIIE TttREE C ooR0 1:s-AT10.-;s 

D.' Do' 

Eightíold coordination - ~(,,-)lqq'r' 
27 d' 

~( .:!____ )lqq'r• 
+ 9 13 á' 

Sixfold coordination 
7 qq'r• ~( .:!____ )'qq'r' + - (,,-)1-

+ 2 13 á' 3 dS 

Fourfold coordinat ion 
28 qq'r4 

- -(,,-)1-
27 d1 

~(.:!____ )lgq'r• 
+ 9 13 á' 

This potential energy, written in a slightly different forro, is gi1·cn 
by Low,4 page 13 (with q' = +e, q = +Ze ; thcre is an error in sign of 
his coefficient of ( Y6

4 + Y6- 4), in the fourfold and eightfol<l coordination 
expressions) . 

; ! Cubic Polential Expressed wilh Respect to Olher Chofres of Axes 
The cubic potential is sometimes rcquired rcferred to axes other than 

the fourfold axes consi<lered above, in particular when the polar axis z 
is a twofold or· threefold axis of symmetry. Thc results for thcse cases, 
found using the formulae and procedure discussed so far in Section 2, are 
summarized below. · 

The potential energy of a charge q' at (r, O, cp), in the potential duc to 
charges q arrange<l in the three coordinations at distances d from the origin 

,, (d> r) , and with the z and x axes choscn to be twofold axes of symmetry 

1 
1 

li 

\ 
JU-. 
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:rnd thc y axis a fourfold axis, is given by 

li' , = D/ <2l { Y4°(1i, <J,) - (10) 1(Y.2(1i, <J,) + Y4-2 (1i, <J,)J. 

(231)1 } + Ys- 4 (11, <J,)] + ~ [Ys6(1i , <J,) + l'6-
6 (1i , <J,)] . (2.14) 

where D/<2l = (-l/4)D4' and D6'<2l = (-13/8)Ds'; D.' and Ds' are the 
constants in the fourfold-axes potential energy, listed in Table V for the 
three coordinations. 

The potential energy of a charge q' at (r, li, <J,) , in the potential due to 
charges q arranged in the three coordinations at distanccs d from thc origin 
(d > r) and with the polar z axis an axis of threefold symmetry, may be 
cxpressed in a concisc forro if the x axis is chosen consistently. For the 
sixfold coordination, if we take Oz to lie in the [111 J direction rcferred to 
axes X YZ of Fig. 1, then we take Ox to lie in the plane zOZ such that 
L xOZ is acute . For the four- and eightfold coordination, if we take Oz 
to lie along, say, OA in Fig. 2, then we take Ox to lie in thc plane AOF 
such that L xO F is acute. The potential energy is then given by 

H'c = D/<3> { Y4º(1i, <J,) - (1~)' [Y1-
3 (1i, <J,) - Y1

3(8, <J,) J} 

+ D/<3i { Ysº(O, cf>) + /
2 

(1~'')1 

[Y&-3 (0, cf>) - l'5
3

(1i, <J,)] 

+ _!._ (23l)l[f6- 6 (8, <J,) + Yl(O, cp)J} (2 .15) 
24 

whcrc D.'m = ( - 2/:nD/ and D6'<3l = (16/9)D&'; D/ and Ds' are thc con­
stants in thc fourfold-axcs potcntial energy, listed in Table V for the 

thrcc coordinations. 

3. Nu~rnEn OF I-IAmw;,,;1cs ÜCCURRING 1N THE ExrnESSION FOR THE 

PoTE:--TIAL 

Wc havc sccn abovc that the cocfficients of rnost of the tesseral har­
monics in the cxpansion of thc potcntial are zero in the cases considered . 
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ln general the potential function must reflect thc point symmetry of thc 
lattice site in question ; that is, it must be invariant under thc operations 
of thc point group. The less symmetric the site, the more potcntial tcrrns 
occur in the expansion. Prather,6 page 10, lists the nonvanishing -y 's for 
d;ffeccnt po;nt gcoups. 1t must be not,d that the \ccms occu,.ing dcpcud_~ 

\ 

very much on the axes chosen, and ar~ m the1r s1mplest forro whcn thc 
axes are the symmetry axes of the pamt group. as was thc case in our 
_examples. 

There are two general rules which may be mentioned at th is point. 
Firstly, if there is a center of inversion at the ion site considered there will 
be no odd-n terms in the potential ; and sccondly, if thc z axis is an m-fold 
axis of symmetry, the potential will contain terms Znm• For some high 
symmetry cases there exist relations between the coefficients of the t esseral 
harmonics of the sarne n occurring in the potential as we have already seen 
for the case of cubic fields . 

It must be noted that not ali the nonzero terms in the expansion of thc 
potential will affect the energy leveis of the magnetic ion, as their matrix 
elements may yet be zero. 

As an example of the terms occurring in the expression for the crystal­
line potential, and giving nonzero matrix clcments in general , we list below 
the terms up to n = 6 (see Section 4.a) for a few common point groups. 
(The V n'" are defined in Section 5.a) . 

Ca,, 

c3. 
Cubic 
Cubic 
D2 

(ethyl sulfates ; some 
rare-earth ,trichlorides) 
(double nitrates) 
(CaF2, Th02, etc.) 
( fl uosilicates1º) 
(garnets, rare-earth 
site) 

1'2°, l'l, F ◄3. Fs0, 1'&3, 1'66 

l'.0, l'/, Fs°, l's4 

V◄º, . Y.3 , F6°, Vs3 , l ' 6
6 

1'2°, Vi, V1°, V12, 1'14, l's°, 1'62, 1'6 1, l 's6 

f:')Calculotion of lhe Molrix Elements of lhe Crystolline Polenlial Perturbing V Homillonion 

We must now evaluate the matrix elements of the perturbing Hamil­
tonian between free-ion statcs. The matrix thus formed can then be d i­
agonalized to fi~d the energy leveis and eigenfunctions of the ion in the 
crystall!ne field . If the classical potential energy of the magnetic ion in the 
crystallme electric field is, as in Eq. (Il .2) , . 

W , = L q.V(x ,, y,, Zi) , 

10 Thc six H,O complex are usually trc:it.ed as being oct.ahedrally coordinatcd to first 
ordcr in tbese hydrated salta. 
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thc crystal -field pcrturbing Hamiltonian opcrator, 3(\, will bc formcd from 
this by applying the usual rulcs , .1· - ,Tnp , 11 - 1/np , etc. That is, thc Hamil­
tonian opcrator will simply be the classical potcntial e_nergy 

:ic, = W, = -\e\ L ll(xi, Yi, zi) , (IIl . l) 

wherc wc havc put q, = - \e\, and thc summation is o\·er thc magnctic 
clcctrons. Thc frce-ion wavc fnnct.ions uscd will dcpend on thc rclativc 
sizc of li', to the intraionic interaction energies. for cxamplc, to a first 
approximat.ion for thc 3d transition-group ions in ionic compounds, thcy 
will be charactcrizcd by \ L , S , L, , S, ), as li', is largcr than thc spin-orbit 
conpling ; and in thc 4f rare-carth gronp by \ L, S , J , J,), as thc spi1_1-
orbit coupling is generally \arger than lr,. ln order to calculatc thc matnx 
elements wc may use one of t.wo methods which are described briefly in 
Sections 4 and 5. 

4. DIRECT bTEG!lATIO:\' 

This is t.he fundamental method and is clearly described in Blea_ney 
and Stevens,9 page 129. The free-ion waYe fnnctions are expand~d mto 
deterrninental product states in\'oh-ing single-electron wavc funch?ns cf> , 
on which the corresponding terms 1· (r ,, y;, z ;) in :;e, act. The matnx ele­
ments, e..,pressed in polar coordinates, therefore, reduce the sums of terms 

of the forro 

J cp*(r;, 8,, cp;)r•Y".'"(r,, 8;, cf,;)cp(r,, 8;, cpi) dr. 
' '---- .. _ ---~ 

As the radial part. of the '"ª"e functi?n f(r) is newr accura:ely known, the 
rndial integral , which scparates out, is often taken as a pa1ameter 

(r") = f [f(r) ]2r"r2 dr 

There ha\·e bcen se\'cral theoretical calculations of l::) (for example, for 
• F nd Watson11

) . 
rare-earth 10ns, sec . ree~an ª. t f spherical harmonics, the matrix 

If 1'( . z) is wnttcn m crms o . 
T ;, y ,, • . 1 1 can bc fonnd from their cxpan-

clcmcnts and severa! quite gcncra _ru es Ed ds i2 pnge 37) and . r coeffic1ents (sec J mon • ' 
sion, us111g vcctor co_up i~g ave been discussed fully by Bleaney 
orthogonality propert1es. 1 hcdselr3uüles \ will now bc summarizcd. (1\Iorc 

d St . ns 9 pagcs 128 an · an d d 12 an , C\ e ' w· -E kart theorcm see E mon s, 
gcncrally thcy follow from the igncr ,e ' 

pagc 75, for cxample.) 
E W t Ph s Rev. 127, 205S (1962). . 

11 A. J . Fn~man and Il. ' · a soa, Y ·. Q ntum l\lechauics." Princeloa Ua1v. 
" A. n. Edmonds, " Angular l\lomcntum 1D . ua 

PrC;58, Princcton, New Jersey, 1957. 

2'.\'Y,l(G1' LJ-:Y.Y-U, 07 Jrr,;; J ', Ç'.ffS'TAL YJZLD5 

a. RuleJ Limíling lhe Number oj _-,,.,·onurQ Jfa t.ri::r: Elemenú 

Wc ha,·c secn in Soction :1 that lhe symmr;trv oí th<:: cITst.a lli11e c-'.C'tt ri r 
fiel d limits the number of terrns occurring io L>i~ ·e,:pansioo ·of t be poLC1,t iul. 
The rules listed below indicate which of these give oo□.z,e ro rr..at.ri.., E:lemeiila: 

(i) Ali terms oí n > '2l, where I is the orbi tal qua::itum numtx'r of 
the sÍ11gle magnet ic electrons, Yanish. Thus n-e □ eed only c-on­
sider the expansion of the crysta!Jine potential up t-0 fourtlt 
degrec for the 3d-group ions aod si.xth degree for the 4J-group 
ions. Or if \Ye use the operator equivalents method (Section 5). 
terms for which 11 > 2L or n > 2J , Yanish ; "here, for e.umplc, 
L and J are t.he coupled angular momentum for the 3d-group or 
4f-group ions, rcspectively. 

(ii) Operators of the form Zn ... have zero matrix elemcnts bcl\Yccn 
two states cpz , and cpz ", unless Z' + l" + n = eYen numbcr. This 
mcans that "ithin a given configuration, i.e., given l , the matrix 
elements of odd-n terms vanish, but that they may couplc dif­
ferent con.figurations. 

(iii) Operators of the form Zu, have zero matrix element~ behYecn 
two st.ates ,J,z ,'"' ,and cf>z ,, '"", unless m = 1 m' - m" /. ln thc 
coupled system, for example, this will mean that terms z.,., 
linkstatesof t:,,J, (orD.L,) = m. 

A very useful check on ali calculations may be made using thc fact that 
the number and types of thc resulting encrgy leveis can bc founcl hy group 
theoretical methods, but thc eigenvalues and eigenfunctions cannot bc 
found withoút full calculation in most cases. 

There is a vcry important general theorem, dcaling with thc encrgy 
leveis of magnetic ions in a crystalliué environment, which núght bc men­
tioned here. Kramers theorem13 states that the energy leveis of odd-electron 
ions under electrostatic interaction of any nature are at least twofol<l 
and evenly degenerate. A consequcnce of this theorem is that the matriccs 
of :ic, between statcs of an odd-electron ion always factorize into at lca..•t 
two similar matrices. (When Kramer's theorcm does not apply, Jahn and 
Telleru have shown that the surroundings of a magnetic ion will distort 
and always tcnd to give nondegenerate energy leveis. Thus, evcn-electron 
ions tend to h!we singlet energy leveis in crystals.) 

5. UsE oF STEVENS' "ÜPEnATOR EQurvALEKTS" 1"1ETHOD 

This is by far the most convcnient method, within its limitations, for 
evaluating the matrix elements of the crystalline poteutial between couplc<l 

n H. A. I{ramers, 'Koninki. Ned. Akad. Wetenschap ., Proc. B33, 959 (1930) . 
11 H. A. Jahn aad f' Teller, Proc. Roy. Soe. A161, 220 (1937) . 

' 
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" ·:wc functions spccificd by onc particular valuc of angular momcnt.um J, 
( or L) , and will be that uscd in ali further discussions here. It eliminates 
thc nced to go back to single-electron wave functions .each time by the 
u::c of an "opcrator cquivalent" to :JCc consisting of angular momentum 
operators which act on thc angular part of the wave function in the coupled 
system ; this is really an application of the Wigner-Eckart theorem (see 
Edmonds,12 page 73, for cxample). The method 1s descnbed tulfy by 
Stevens, 15 and Illcancy and Stevens,~ page 131. The rules for determining 
the operator equivalcnt to the Cartesian Hamiltonian, giYen by Eq. (III. l) , 
3C = - L , 1 e IV(x ,, y ,, z,) , are given by Stevens.15 If f(:r, y, z)_is a C~r­
tesian funetion of given degree, thcn to find the operãX01:- equivalent to 
such tcrms as Í:.f(i: ,, y ,, z ,) oceurring in :JC,, one replaees, :r, y, and z by 
J ,, .!v, and J ,, rcspcctively , always allowing for thc noncommutation of 
.J , . J v, and J ,. This is clone by replaeing products of x, y, and z by an ex­
prcssion consisting of ali the possible different combinations of J,, Ju , 
and J ,, divided by the total number of combinations. ln this way an opera­
tor is formed with the same transformation properties under rotation as 
the potential. It must be noted that although it is conventional to use 
J or L in the equivalent operator, when evaluating its matrix elements 
ali factors h are dropped . 

Some simple examples are 

L (3z.2 - r;2) .= aJ(r2 )[~J,2 - J(J + 1)] = aJ(r2 )0l 
. - . ....__,,,, . . . ~ . 

L (x.2 - y1) ,= aJ(r2 )[.J.2 - J/] = aJ(r2 )0/ . __,, ;; . 

i 

L x,y , ~ aJ (r2 )[(.f ,Ju + JuJ,)/2] 

L (x,4 - üx;2y,2 + y,4) = .L {[(x , + iyi) ◄ + (x, - iy,) 4]/2} 
- i 

= /JJ(r4)½[J+4 + J_4] = /h(r4)Ot4 (,5 .1) 
~ . . 

whcre J± = J, ± i.fu. · 
\\'hen the noncommutation cffects cannot be immediately taken ac-

count of the determination is more tedious, and will be illustrated in 
' Section 6a. 

\\·e therefore have, for example, that the matrix elements of the sum 
L,(~z.-2 - i:.2) between eoupled states 1 ~.S/ f,) are equal ~o th~se of 
r:i.J(r2 )0l bet\reen the angular part of the coupled wave funct1ons ; 1.e., 

(LS.J.J ,' 1 L (3~ ; - r;2) 1 LSJ ./,) 

= ~J(r2 )(LSJJ ,' I [3J,2 
- J(J + l)] 1 LSJ~,). 

u li: . \V. H. Stevens, Proc. Phys . Soe . (Londo11) A65, 209 (1952) . 

' 
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The multiplicative factor aJ is a numerical constant depending on l (the 
orbital quantum number of the electrons in the unfilled shell) , n' ( thc 
number of them) , and J ( or L. and S) . The constant is dcnotcd by (3J 
for fourth-degree terms, and 'Y J for sixth-degree terms. These cons tan ts 
are originally determined by returning to the d irect integration mcth od 
of finding the matrix elements between single-electron wavc function s in a 
specific case. This method of determination is clearly described in Stc\·ens, 1s 

page 211 and Heine, 16 page 151. (An alternative method is givcn by Elliott 
el al., 17 page 518, using fractional parentage coefficients.) Although Stevens ' 
paper relates mainJy to matrix elements of rare-earth ions ' states charac­
terized by ILSJ J,), it can be used for d-electron ions, or between statcs 
characterized by ILSL,S,), provided the correct numerical factors are 
used ; in these cases the operator J above is re~. The mult ipl ica­
tive factors ~or rare-earth ions are listed in rTable VI ;)or 3d-group ions 
(or for matnx elements between states char~eterizeaby L and S) they 
can be found from the general formula of Bleaney and Stevens,9 page 132, 
given in Table VII. 

To illustrate the method in general we shall again consider the crystalline 
electric field Hamiltonian given by Eq. (III.l) , 

Xc =' -lel ,LV(x,, y,,z,) . 
i 

If the electrostatic potential V (x, y, z) is determined from a point-chnrgc 
modelas in Section 2, with the tesseral harmonics expressed in Cartesian 
coordinates, we have, 

V(x, y , z) = .L r"'Y•aZna(x, y, z) . 
na 

ln order to m_ake full use of operator equivalents whose matrix elements 
have been tabulated, we define Cartesian functions f.a(x , y, z) which are 
related to the Zna(x, y, z) by z.ª = (const) f.a/r". For the z, ... listed in 
Table IV, the f'nm/r" are the functions in square brackets. It is these 
functionsf.a(x, Y, z), ( or rather f'nm (x, y, z)), so defined, which are directly 
related to the most commonly used operator equivalents O.'" by the rela-
tion that the operato;:...r ___________ _____ 

LÍ'nm(x,, y,, z,) = B.(r")On"", 
i 

(.'í .2) 

/ where º" is the multiplicative factor ; 02 = aJ ; 04 = fJJ i ()6 = "fJ . 

l 
Some common 0.'" are listed in Table VIII. The matrix elements of 

is V. Reine, "Group Theory in Quantum i\fochnn'ics, " p . 151. Pergamon Prcss, J\ew 
York, 1960. 

,' 17 J . P . Elliott, B. R. Judd, and W. A. Runciman, Proc. Roy. Soe. A240, 509 (1957). 
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TA n1.E VT. Sn:v1,: 1,;:; ' 1'111 1.TIPJ .H:ATIVI•: FAcTom1 Fon HA1tE-EA11T1r loNH" 

Cc>+ Pr+ N<lH PmH Smª 
•lf ' '!•' .,, 4/2 'H, 4f''l.,2 4/' ' /, 4/ ' •11 '" 

li 4 s 3 2 
UJ ~ (J li A 11 J) - - - - -

7 5 11 ü 7 

-2 -22 • 13 -7 '2·i 13 
OJ - (1 li,. l!J) - --- -- --- --5.7 3' · 52 • 11 3' · 11 2 3·5·1l2 32 •5 •7 

2 -2' -2'· lí 2'·7· 17 2·13 
fJJ ~ <J li f3 11 J > -- \ ---

3'·5•7 31 ·5· 11' 33 • 11'· 1:1 33 ·5·11'•1:3 3,. 5. 7 .11 

-r J ~ <J I h 11 J > 
2'• li -5-17•1!l 2'• 17-1!) o o 

3'·5·í• ll ' • 1:I 3' · 7 · 11 3 • 132 3'•7•11' · 13' 

DyH HoH E,.J+ TmH Yb'+ 
4/' 6Iiu12 4/'º '! s 4/" •1,.,, 4/ 12 

l fl • 4/" 'F112 

u J = (J 11 11. 1 1 J > 
4 5 6 7 8 
3 

- - - -
4 5 li 7 

ªJ = <J 11 a 11 J > 
-2 -1 22 1 2 

31 ·5•7 2 · 3' • 52 3, .5,.7 32 • 11 32 ·7 

f3J = (J 11 f3 11 J > 
-2' -1 2 2' - 2 

3'·5·7·11·13 2·3•5•7•11·13 :1' ·5•7·11·13 3 ,. ,;. 1 J" 3 .5. 7 • 11 

-r J = (J I h 1 1 J > 
2' -5 2• - r, 2' 

3' •7-11'·13' 3' · 7 • 11'· 132 3' · 7 · 11 ' · 1 3' :i·•. 7 · 1 l' · 13 3'· 7 · 11 · 13 

• After R. J . Elliott nnd K. W. H. Stevens, Proc . Roy. Soe . A218, 553 (1953) . 

TABU~ VII . S·rnv1-:Ns' ;\·IULTirLICAT1v1~ FAcTons Fon 3d-Gnour IoNs, AND GENERAL FonMULASº 

In gcnernl , 

2 2 
a= -21, (3 = -

63 

2 2 
a= -- (3 = --105' 315 

a~ 2 (2l + 1 - .JS) 
'F -:--(2::-:-1---1 :--) (::-:-2-:--l -+-3-,)-,(-:--2L:---~I ) 

{3d' 'D for 
3d' •D 

{3d' 3

F for 
3d1 'F 

2 
ª = 21' 

2 
ª = 105' 

f3 = 2 

63 

2 
(3 = 315 

3 (2l + 1 - 4S) [ - 7 (l - 2S) (l - 2S + 1) + 3 (l - 1) ( l + 2)] 
ff='F~~~~=--~~~~~~~~~~~~~~~~ 

{

3d' 'D 
for 

3d" 'D 

{

3d' 'F 
for 

3d8 'F 

(21 - 3) (:.!l - l) (21 + 3) (21 + 5) (L - l) (2L - l) (2L - 3) 

whcro n-mínu~ si~n~is UAccl in lho first hnlf of lho Hhell uncl n plus sign is usccl in thc sccon<l hnlf of the shell. 

• After D. Dlcaney nn<l K. W . H . Stevens, R ept. Prour . Phys. 16, 108 (1953) . 
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FooTNOTES To T ABLE V III 

• After n. Illeaney anel K. W. H. Stevens, Repl. Prol)r. Phys. 16, 10.'3 (J 9.j3); K \\' . 
II . Stevens, Proe. Phys. Soe. (London) A66, 209 (1952) ; J . l\l. Dakcr, ll. Blcancy, anti 
W. lfaycs, Proc. Roy. Soe. A247, 141 (1958) ; R J . Elliolt anti I<. W. H. Stevens, ibirl. 
A218, 553 (1953) ; B. R Judd, íbíd. A227, 552 (1955) ; D. A. Jonc,i, J . l\L Baker, n11tl 
D. F . D . Popc, Proe. Phys. Soe. (Lon<lon) 74, 249 (1959). 

6 
We use the notntion 0."'(s) to reprcscnt thc opcrator cquivnlcnt to f• •~, nntl O.~ 

ns the convcntionnl operator equivalcnt to/' • ., (cf. Scction 5). 

the On'", between states of constant J , or L. have been tabulated in severa! 
papcrs, and these have been reproduced in Tablcs IX- XIII. 

Considering for simplicity the case of a crystal ficld with axcs choscn 
such that -y•.,. = O, we re-cxpress the potential energy of an elcctron in 
thc crystalline potential V (x, y , z) (following the notation of Stevens, 
Elliott, and J udd ; see Bibliography) , as, 

-1 e IV(x, Y, z) = L A."'f' .,.(.r:, y, z) , (5.3) 

where we have the connection betwecn the coefficients, 

A.'" = -y'.,.· (-1 e 1) (a numerical factor occurring in Z' .,.) . (5.4 ) 

The numerical factor is that outside the square brackets for thosc z, ... 
listed in Table IV. For examplc, in the case of cubic symmctry, usi11g thc 
notation of Eq. (5.3), 

- 1 e IV(x;, y;, z;) = A.0(35z.4 
- 30r.-2z.2 + 3r;4) + A.4(.r:,4 - 6.r,2y,2 + y ,4) 

+ A6º(23lz;6 - 315z,4r;2 + 105z.2r;4 - 5r,6) 

+ Á&4 (llz.-2 - r,2) (x ,4 - 6x,2y;2 + y,4). 

For a number of electrons, i, in the general potential V(x, y , z) the 
operator is 

X,= -1 e I L V(x;, y;, z;) , 

or 

where we have inade use of Eqs. (5.2) and (5.3) . 

a. N ole on N olalion 

The quantitics A ... (r") ( or V ... in the notation of Elliott and Stc\'cns18) 

are know as the "crystal field parameters," and are usually determined by 
11 

R J. Elliott nnd K W. H. Stevens, Proc. Roy. Soe. A219, 387 (1953) . 
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0 , 0 = [:lJ,' - J(J + I)] 
J ,... 

J, = ±1/'2 ± :!/ :? ' ± 5/2 ±7/'2 ±!1/'2 ±11/'2 ±1:J/2 ±15/2 
1 /'.! o o 
::; :? 3 -1 1 
5/'2 2 --! -1 
7/2 3 -5 - :) 1 7 
<.J/'2 6 --! -:~ -1 '2 fi 

l l /2 1 -:l:i -'2<.J -17 1 ~t> 5,:-; c 
1:l/:? 6 -s -7 - t) - 2 2 7 1:i 
15/2 :i -21 -1<.J -][, - <.) - 1 <.J 21 35 

,/. o ±1 ±2 ±3 ±-1 ±5 ±6 ±7 ±S :::: o o o - - - - -
-2 1 - ..., -

2 3 -2 - 1 2 - - - :r 
3 --! e: ,) -3 o r, .., 

-! l -20 -17 R 7 2S - - - g - , 
5 :i -10 -<.) -li -1 li l!i - - 7. 6 3 -1-! -1:1 - 10 - ,r"j '2 11 •)•) - - CJ -- u, 7 l - :iG -:i:l --1-1 - 2<.J -3 l<.J ;)2 91 s 3~ -2-! -23 - 20 - 15 - S 1 12 25 40 -

0,
0 = [35J,< - 30J(J + 1).1 ,' + 2;,J,' - GJ(J + J) + :JJ' (J + l)' ] 

J F 
J ,= ±1/2 ±:l/2 ±!i/2 ±7/'2 ±9/2 ±11 /'2 ±1:l/'2 ±J::i/2 1/:? f) f) -

3/2 o o o 
;,/'2 GO '2 -3 
7/2 GO o -3 -1:1 7 

_jl,/2 ___ ~-! _ _ __ l_S :i -17 -22 18 - - - rJ J 11/2 120 28 12 -13 -33 -27 3:J 13/2 60 108 63 -13 -92 -132 -77 143 
- 15/2 60 ___ 1S9 12_9 23 -101 - 2_Q_i __ ::_22 !_ __ -91 273 --- ~-'=, ?'} ·---- --------

j, ,:,. o l 2 o o o 
o o o 

3 4 5 G 7 8 

2 12 6 -4 1 
3 60 6 1 -7 
4 60 18 

·--9 -11 
5 -120 6 

3 
-21 ··- - ___ 14 

-l -1 
6 60 84 64 

-6 -6 6 - - - -- . - ------
11 

7 12 756 621 251 s · 420 36 31 17 

-54 -96 -GG 99 -249 -704 -8G9 -·129 
-3 -2-1 -:1() -ao 

1001 

O,•= [23JJ,• - 3J.5J(J + l)J,• + 735J,• + I05J'(J + l)'Jl - 525J(J + l)J,2 + 294.J.' - 5Jl(J + l)' + -lOJ
2
(J + l)' - 60J(J + l)J 

-1:i 52 

J F 
,/. 

±1/2 
1/2 o o 
3/2 o o 
5/2 o o 
7/2 12UO -5 
9L2 50-lO -8 

11/2 75GO -:?O 
13/2 2JGO -200 

_ 15;'.2 __ 1~ -7--ª. 
J, 

o o o o 
o o 

2 o o 
3 ISO - 20 
4 UGO -20 
5 :2520 -·IO 
G 7;,60 - -10 
7 :i,so -200 
,'l J:ISGO - 1:w 

±3/2 ±5/2 ±7/2 

o 
o o 
9 -5 
U _ ___ 10 ____ __ -lJ 
4 25 

-25 185 
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o 
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l 1 
227 

Si'., 

3 

-
-

- 17 _2_9 ___ 

-13 
1!17 

!.1:1 

±9/2 
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- -IS 
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17íi 
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• Aftcr K. W. H. StcvP11~. I'roc. Phys . Soe. \l,unr/011) A66, 209 (1052). 
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TA11L1~ X. ;\fATTllX ELEMt:NTS oF 0,' , O.', AND O,', WITHIN A MANIFOLD oF STATES oF CoNSTANT J• 

O,'= HJ+' + J _' ) 

J (±1 li =Fl) (± 21 10 ) (±3 li ±1) (±-! 11 ±2) (±5 li ±3 ) (±G li ±-! ) (±7 li ±5) (±8 IJ ±G ) 

1 1 
2 3 vG 
3 6 v3o v l 5 
4 10 3vl0 3..,17 2v11 
5 )5 v1210 2v142 Gv3 3v s 
6 21 2v11os 6vl0 3v3o v l 65 vGG 
7 28 Gv121 t5v3 sv122 6vll 3v26 v!ll 
8 36 Gv3s v111ss 3vll0 2vl05 v546 3v3,~ 2v13o 

J (±3/2 li =Fl/2) (±5/2 li ±1 /2) (±7/2 11 ±3/2) (±!l/2 11 ±5/ 2) (±1 1/2 11 ±7/ 2 ) (±13/21 1 ±!l/2 ) (±15/2 11 ± 11 /2) 

3/2 v3 
5/2 3v2 v10 - - -- -
7/2 2vl 5 3vs v121 - - - -
9/2 sv6 3vl-l 2v121 6 - - -

11/2 3v35 2vi0 GvG 3vl5 v5s - -
13/2 14v'3 6v'l5 15v12 v33o 3v22 v,8 
15/ 2 12..,17 3vl05 5v33 2vlG5 6vl3 v12,3 v105 

O.'= ¼1[7J,' - J (J + 1) - 5](J ,' + J _' ) + (J +' + J _1) [ 7J ,' - J(J + 1) - 5]1 

J p (±Ill=FI) (± 2 li O} (±3 11 ±1 > (±4 li ±2} (±5 li ±3 ) (±G 11 ±4} (±7 11 ±5) (±8 li ±G } 

2 3 -4 vG 
3 3 -20 -v'30 6vl5 
4 3 - 60 - ll v'lO 10v11 30v7 
5 21 -20 -v'210 o 10v'3 12v1s 
6 3 -280 -22v1105 -24v'l0 23v'30 24vl65 45v'6G 
7 3 -504 -94v'21 -130v'3 15v'22 116v'll 121 v126 66v'91 
8 7 -360 -54v'35 -6v'll55 -3vll0 12v'l95 15v'54G 78v35 78v'30 

' ~ 

J F 
(±3/2 11 =F l/2) (±5/2 li ±1/2) (±7/2 IJ ±3/2) (±9/2 li ±5/2) (±11/2 li ±7/2} (±13/2 11 ±9/2) (±15/2 11 ±11/ 2) · 

5/2 3 -5v2 3vl0 
7/2 6 -4v'l5 v5 5v21 
9/2 21 -5v6 -v'l4 2v121 18 

11/2 12 -sv35 -3v7o 5v6 13vl5 9v5s 13/2 3 -210v'3 · - 62vl 5 - 15v12 13v330 95v22 55v78 15/:! 6 -120v7 - 23v105 - 15v'33 8vl65 80vl3 25v12,3 39vl05' 

0,
2 = tl[33J,' - 18J,2J(J + 1) - 123J,2 + J'(J + l)' + IOJ(J + 1) + 102](! +' + J _' ) 

+ (J+' + J _')[33J,< - 18J.'J(J + 1) - 123J,' + J!(J + 1) 1 + l0J (J + 1) + 102]1 

J F (± 1 li =F l) (±2 li O} (±311±1} <±-t 11 ±2> (± 5 11 ± 3) (±G 11 ± ·1) (± 7 JI ± 5) (±8 11 ± 6) 
3 24 15 -2v130 v'l5 
4 30 84° o .-36v7 24v7 5 120 , 84• 2v210• -llv-12' --12vJ• --12v1s• 6 i2 420 22v'l05 - G3v10 - B4v3o - 14vl65 ,ovG6 7 1080 70 l0v'21 - 7y'3 - 14v122 - 2l v ll o ll v'OI 8 2<>4 630• 78v'35 v'l 15.5 -42v'll0 --J()yl!),r; - 2ovs-1G Jov :is 1s2v3o 
J ,,. 

(±:J/2 ll =i=1;2) (± 5/2 11 ± 1/ 2} (±7/2 11 ± 3/2} (±0/2 11 ± 5/2) (± 11/2 11 ± 7/2) (± 13/211 ± 9/2) (± 15/2 11 ± 11/ 2 ) 
7/2 24 . 7v'15 -2lv'5 sv21 Q/2 2-!0 7v6 -3vl4 - 5v'21 21 ll /2 216 12v'35 - v70 - :J5v'O - 14v'IS 14 v'55 13/2 720 35v3 Jvi s , - 3Gv2 -·lv330 - 3v''.?2 15/2 1320 30v7 3v10s - iv33 - i v'lG5 -2l v l3 

• :\ftcr D . A. J a ne~, J . M. I3nker, nnd D. F. D . Popc, Proc. Phys. Soe. ( London) 74, 2-19 (1959) . 
• T he numbers in column P nrc multiply ing fac tors common to nll tbc clcmcnts in t hc row. 
' Cur rcc t cd vnhtcs . 
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TADLE XI. MATnI:C ELt:MENTS OF º•' ANO º•' WITIIIN A MANIFOLD OF STATES OF CoNSTANT J n,b 

o,,= ¼[J,CJ+' + J _') + CJ +' + J_')J,J 

J F' (2 li -1 l (3 li O) (4 11 1 > (5 11 2) (6 li 3) (7 11 -1 > 

2 3 1 - - - - -
3 3 vlO Jv5 - - - -
4 3 sv2 3v35 5vl4 - --
5 3 sv, 6y35 10',/'21 7v3o -
6 3 ,v10 6v105 sovJ 7vl65 9v55 
7 3 14v6 15v-12 25v33 35y22 !Jv2S6 J]y!)J 

s :3 6v7o 3v2310 25y77 7vl430 !Jv910 llv-155 

J F (5/211 -1/2) (7 /2 11 112> (9/2 li 3/2) (11 /2 115/2) (13/2 / / 7/2) 

5/2 3 v!O 
7/2 3 -lv5 2,.;35 
!J/2 3 5vl-l svM Gv21 

11/2 12v5 vl4 v42 3v6 v33 
13/2 3 l-lyl5 -1ov6 15v66 16y55 5v2s6 
15/2 6 -!vl05 5v231 30vll 4y715 1ov91 

~ 

0,' = ¼[(IIJ,' - 3J,J(J + 1) - 59J,) (J+' + J_>) + <J+' + J_>) (l!J,3 - 3J,J(J + 1) - 5!JJ,}] 

J F (211-1) (3 li O) (4 11 1 > (5 li 2) (6 li 3) (7 11 4 > 
2 o o -
3 18 -3vl0 2v5 
4 90 -7v2 -2v35 4vl4 
5 180 -6v7 -5v35 -v21 7v3o 6 36 -63vl0 -43vl05 -175v3 14vl65 84vs5 7 90 -7ov6 -64v42 -7ov33 -21v22 2lv286 66v!JI 8 198- -1sv10 -sv2310 -sovn -7',,1'1430 3v910 22v-155 
J F (5/2 li - 1/2) (7/2 11 112) (9/2 li 3/ 2) (11 / 2 11 5/2) (13/2 117/2) 
5/2 o o -
7/2 36 -7v5 2,.;35 
9/2 360 -2vl4 -v14 2v21 11/2 35vs - 27vl4 -16v-12 7y6 2sv33 13/2 360 -l4vl5 -29v5 --lv55 6v55 6v2S6 15/2 1980 -2v10s -2,.;231 -7vll o 3,.;91 

" After B. R. Judd, Proc. Roy. Soe. A227, 552 (1955) . 
• The mntrix elements of (-m 10.' 1 -m')= - (m 10.' 1 m' ), n = 4, 6. 

'The nurnbe111 in column F nre multipyling factors common to nll thc clemcnts in thc row. 
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T.\DLE XII. MATlllX Eu.ME!>TI; O\' 0,' AND 06' WITJIIN A i\lAN IFOLD OF STATES OF CONSTANT J• 

J 

2 
3 

_j____ 
5 
6 
7 
s 

J 

p 

12 
12 

-12-
12 
12 
12 
12 

F 

o,•= H J +' + J_') 

(2 li - 2) (3 li - 1) (4 li O) <5 11 1 > 

vl5 
5v7 viO 
s·vi12 3✓,0---

5 
15 
35 
iO 21'110 15, / 1·1 

~210-
5v66 
15✓33 

5, 11001 
126 
210 

(5/2 11 - 3/2} 

i0✓3 5v-lG2 
6vll55 15,/ 154 

(7/2 li - 1/ 2) (9/2 11 1/ 2) 

5/ '.?. 12 ✓5 

7/2 12 5✓3 ✓35 
9/ 2 12v7 _ ____ 5, /3_ ___ 5v2 ___ _ 3✓2 

(6 11 2 > 

3y'55 
5v143 

v l5015 

(11 / 2 li 3/ 2 ) 

11/2 12✓2 35 3y'l05 5y'21 ✓165 

(i 11 3 > 

✓1001 

5✓2i3 

(13/ 2 11 5/ 2} 

(S li -1 > 

:::: 

e 
r. 

7. 
- - ---a-

2✓455 

(15/ 2 ll 112> 

~I ~ 

"' 

13;2 12 -12v 5 35v6 1sv22 15✓11 v71s ,. 
_1_5/2 12 42vl5 10v231 15yii 5✓-129 v'SOO.;i'------~;i(,5 t: 1\. 

O,'= t[(llJ.' - J(J + 1) - 38) (J+' + J _•) + (J+' + J _•) (llJ,' - J (J + 1) - 3S}] 

J F (2 li -2) (3 li -1) (-1 11 o> (5 11 1 > (6 li 2) (7 11 3} (S 11 ·n 2 o o -
3 60 -6 ✓IS __ -1 160 -1-1 -v7 2, 170 
5 60 -l6S - 13v-12 12,170 15v2IO 
6 ISO -16S -35,/ 10 s,11-t 2l y'GG 2Sv 55 7 li0 -1260 - 5-1Gv3 -6✓-IG2 1-li ✓33 l26v H3 ·1 5✓1001 s 660 -252 - 6✓1155 -li✓ IS-1 3 ✓1001 2, / 15015 rn vn3 12✓455 J r' (5/ 2 1/ - 3/ 2) (7 / 2 li -1/2) (9/ 2 li 1m (1 1/ 2 1/ 3/2) (13/::! 115/ 2 ) (15/ 2 1/ 7/ 2) 5/2 o o -
7/2 60 - 7 ✓'J 3✓35 

_ 9/_2_ 60v7 -16, (.l____ ~v'.2 --- _ 30v''2_ -- -----11 /2 IS0 v2 -63 -:--✓105 13 \1'21 7, 1165 13/2 360 -56, /5 -2I v ti l3 v22 -16,/ 11 6,1715 J 5L2_· _ 660 --12:v'..1.L_ -6y".?31 3v77 7 .:/42!1 3Y'.5005 5~ 
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2: 
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e \! ~ 
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- E i \ 2: 

• Aft.cr J. M. Ilnkcr, Il. Illcnney, and W. Hnycs, Proc. Roy. Soe. A247, 1-11 (l!lSS) . 1 
Thc number.i in column Furo rnultipl);ng ínotors common to ull the elcments in thc row. 
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ENERGY LEVELS OF roxs , .... CRYSTAL F'If:LOS 
2G:j 

fitting JC, to experimen!taJ data. (V ... is sometimes also used 
L,-f' ... (:r:;, y ;, z;) , e.g., Stevens,15 page 209.) 

TJ1e operator equivaJ~nt Hamiltonian JC, is often ,ni t tcn 
1 

to denote 

JC, = L B.'"0.'" (or JC, = L B .... P.'" ), 

where B."' = A•"' (r" )o; )The B 's rather than the A 's "·i/J be uscd in Sccti,m 
6. (The A 's and B 's uscd by Bleaney and Stevens/ pages 128-l 20, are 
different from those used herc, but can easily be related to thcm.) 

Other notations commonly used, including some uscd in spin Hamil­
tonians of the for-m of Eq. (5.6), are listed below (ffatanabe

19
): 

(.5.6) 

b2° = .'3Bl = D 

b22 = 3Bl = 3E 

bl = 60Bl = ¾F 

b6° = 1260Bl 

and, especially for cubic fields, 

b6
6 = 1260Bi6 

b/" = 60B,"' 

b6"' = 1260B1'" 

b,
0 = 60B.0 = fa = ¾e 

b1° = l 260B6° = ¾d. 

6. ÜPERATOR EQUIVALEi'\TS FOR CuBrc PoTExn.us 

As an example we· shall now determine the operator equini/cnt. ap­
propriate to the cubic crystal-field potentials found in Sections l and 2. 

Since these differ only in the coefficients for thc three different coordina­
tions, we need only consider how the functions transform into thc appro­
priate operators. The Hamiltonian may of course be found direct/y from 
Eqs. (5.4) , (5.5) , and (2.i) . 

a. Cubic Potc11tz"al Expressed i11 Carlesian Coordinatcs 

If we put q/ = - / e / in the exprcssion deri,·cd in Section 1, Eq. ( 1.-1 ) , and Table I, 

JC, = L /C,[(.r,-• + y,-• + z,-') - Jr,'] + D1[(.r,6 + y,1 +,z,6) 

+ J./(xry;' + x.2z.-• + y.:1.r.-' + y/z,• + z/.r,• + z?y;') - Hr.6] 1. 

We rewrite the Cartesian func tions, using thc c~pressions listed in 
Eqs. (1.1) , in terms of thef< .... (:r,-, y,, z.-) . These then immcdiatcly go o,-cr 

-into an operator equivalent in its usual form, i.e., 0,0, O,•, Oi°, and 06•, 
11 

H. Watnnnbe, Private cornrnunication, 1962. 
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s" fütc<l in Tablc VIII, and whose matrix elements are tabulated. Now 

[ (r' + y• + z') - ir']= "2'o-[(35z4 
- 30r2z2 + 3r1

) + 5(x4 + y4 - Gx2y2)] 

= ~\ l (35z' - 30r2z2 + 3r1) 

+ 5[(x + iy) 1 + (x - iy)•]/ 2}. (G.l) 

\Y e haYc seen in Section 5 that the matrix clements of 

~ [ (.r , + iy ;)' ~ (x, - iy;)'] 

are idenlical to those of f3J (r1 )0,' betwecn the angular pnrt of the wave 
fnnctions. \\' e shall now consider the operator cquivalent to 

Lf,0 = L (35z,4 - 30r.2z,.2 + 3r.4). 
i 

This is a more lengthy application of SteYens· mies giYen in Section 5, and 
--e must make use of the commutation relations bclow : 

J,.J. - J.,J, = iJ, 

J.,J , - J,.J. = iJ, 

J ,J, - J,J, = iJ. (measuring ali angular momenta in units of h) . 

Thcsc are uscd to bring ali the diffcrent combinations of the operators 
into similar form ; for cxample, below we reduce them to squares of opera­
tors and the product J ,J .,! ,. 

Consiclering each term in !10 scparately, 

(G.2) 

(b) r2z2 = x2z2 + 1/22 + z' 

x2z2,.. i[J,2J,2 + J ,2J,2 + J,JJ,J, + J,J,J,J, 

+ J,J,.J,.J, + J,J,J,J,], 

and using the commutalion relations, 

J,J,J,J, = J,(i.J, + J,J,)J, = iJ,JJ, + J,2J,2 

J,J,J,J, = J,.J,(iJ. + J,J,) = iJ,J,J. + iJ,J.J, + J,2J,2 

= iJ,(J.J, - iJ,) + i.J,J.J, + J,2J,2 

= '2iJ,J.J, + J,2 + J,2J,2, 

E1'EnGY LEVELS OF IONS I'.'< CTTYSTAL FIELDS 2Gi 

J,J,J,J, = J,(J,J, - iJ.)J, 

= J,2J,' - i J ,(J,J. - iJ,) 

= J,2J,2 - i'[(J,J, + iJ.)J. - i'J ,2] 

= J,'J,2 - i[J,(J.J, - iJ,) + i'J/ - i .J,2] 

J,J,J,J, = J,J,(J,J, - iJ.) 

= J,2J,2 - iJ,J.J, - J,2 + J/ - J,2 - i(iJ. + J,J,)J. 

- iJ,( 1 • .1, - iJ, ) 

= J,7J,2 - 2iJ,J.J, - 2J,2 + 2J/ - J,2. 

Adding, we find 

x2z2,.,. ¾[3J,2J,2 + 3J,2J,2 - 2J,2 + 3J/ - 2J,2]. (6.3) 
Similarly, 

(6.4) 

If we now use the fact that J ,2 + J / + J ,2 = J 2, which whcn operating 
on states within a manifold of given J gives a constant J ( J + 1) , which 
commutes with J,, and add Eqs. (G.2) , (G.3) , and (G.4) wc find 

r
2
z2

,.,. ¾[6J(J + l)J,2 + J,Z + J/ - 4J,2], 
or 

r2z2,.,. ¼[6J(J + J)J,2 + J(J + l) - 5J,2], 

(e) r' = (x2 + y2 + z') (x, + y2 + z2) 

= x' + y• + z• + 2(x2y2 + y2z2 + z'x2). 

(6.5) 

Now x',.,. J,', etc., andina similar manner as that uscd in (b) 'IH' cnn 
show 

x2y2 ,.. ¾[3J,2J/ + 3J.2J,2 - 2J(J + l) + 5J,2]. (G.G) 

Using Eqs. (6.3), (G.4), and (G.G), 

r◄,.,. i[3J,2J/ + 3J/J,2 + 3J,'J,2 + 3j,2J,2 + 3J,2J/ + 3J/J,2] 

+ J ,' + J / + J.' + t [ - 2 J ( J + l) + J ,2 + J / + J n, 
- - - -- - ·- -----
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_,,. which reduccs to 

r1 ,.,,,. [ J2 ( J + 1 l 2 - V ( J + 1)]. 

Finally, using Eqs. (6.2) , (6.5), and (6.7), wc sec that 

L,[35z;1 - 30z ;2r ;2 + 3r ,•] 

(G.7) 

= tl1(r')l35J,• - [30.J(J + 1) - 25JJ.7 - 6J(J + 1) + 3J2(J + 1)21 

= tl1(r1)Oi°. (6.8) 

If we now combine Eqs. (6.1) , (5.1) , and (6.8), we see that the matrix 
elements of 

L,[x,' + y,• + z,' - h'] = those of irrtlJ(r')[O,0 + 50.']. (6.9) 

Similarly, 

[x6 + y6 + z6 + 1.f-(xV + x2z• + y2x• + yiz• + zlx• + z!yl) - Hr&J 

= -rtT! (23126 - 315z'r2 + 105z2r' - 5r6
) - 21 (1122 

- r2
) 

X [(x + iy)' + (x - iy)']/ 21, 

using the Eqs. ( 1.1), and the f act that . 

x• + y' _ 6x2y2 = [(x + iy)' + (x - iy) 1]/2. 

The rnatrix elements of L,;[2312,6 - 315z,1rl + 105zlr ,• - 5r.6] between 
coupléd wave functions are the sarne as those of 'Y 1 (r6 )0l between the 
angular part of the wave functions ; and those of 

[ 
(x, + iy,)' + (x, - iy,) 1

] 

L, (llzr- - rr) 2 
i 

are the sarne as those of 'Y 1 (r6 )0&'· Therefore, the rnatrix elernents of 

:[,[ (x,6+ y/+z,6) +1t-(x.'!d+x.2z,'+urx,•+y.-2z,'+z.-2x,•+z.'y.') -t¼r,6
] 

= thosc of - 'rtT"{1(r6 )[Os° - 21061]. (6.10) 

\\'e thercforc have that for a crystal ficld of cubic symmetry, 

x, = (C1/20)/31(r')[0i° + ,501'] - (D6/224h1(r6 )[O6° - 2106•], 

'[ "· ~ ~··~+ ~10,•i~~) ( 6.11) 

inrec couru111aLw11~. · 

ENEfiGY LEVELS OF IONS IN CHYSTAL FIELDS 2U\J 

TADLE XIV. COEFFICIE1'TS n,• AND n,0 (EQ. 6.11) FOR TIIE THREE Coorrn,:-.ATI O:-.s 

B.' B,º 

Eightfold coordinalion 
7 1 e I g 1 1 e I g 

+---f3J (r' ) -----YJ (r' ) 
18 d' g d' 

Sixfold coordinalion 
7 1 e I g 3 1 e I g 

----f3J (r' ) - - --1'J (r' ) 
16 d' 64 á' 

Fourfold coordinalion 
7 1 e I g 1 1 e I q +---f3J (r' ) ----1'J (r ' ) 
36 d' 18 á' 

Whcre B,0 and Bs° are given in Table XIV for surrounding point charges 
of charge q, at distance d(d > r) , in various coordinations about lhe 
magnetic ion site, and axes are chosen as in Figs. 1 and 2. This is in t he samc 
form as the Hamiltonian given, for example, in Baker et al.,20 pagc 150. 
We have put q' = -1 e I in the values listed in Table I, the signs of thc 
/31, or 'YJ, factors are co~sistent with this. 

b. Cubic Potential Expressed in Spherical I-larmanics 

To illustrate how one rewrites, in terms of operator equivalents, thc 
crystal-field Hamiltonian operator when the potential is expressed in 
spherical or tesseral harmonics, we again considcr the cubic easc. We fi rst 
express the Hamiltonian in terms of tesseral harmonics Zna• Using Eq. 
(2.13) , with q' = -1 e 1, 

JC, = L!D,'[Y,0 + (5/ 14)1(Y4
4 + Y,-4) ] 

+ D&'[Y6° - (7/ 2) 1( Y&4 + J\- 1) ]1 

L, ! D,'[Z10 + (5/ 7) 1Z' u] + D&'[Z60 - (7) IZ'64] 1. 

Let D411 = Dt'/r4 and Ds" = Ds'/r6• Then 

(G 12) 

We now write r 4Z' , .. and r 6Z'6,. in Cartesian coordinates, using the 
values of z,""' from Table IV. The tesseral harmonics are d irectly pro­
portional to the fn .. (x, y, z) which imrriediately go over into the opcrator 

20 J . M. Baker, B. Blcancy, and W. Hnycs, Proc. Roy. Soe. A247, 141 (1953). 

· .l'IG. 4 . t:iummary diagram. 
_ j 
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form . Thus wc gct 

[ 
3 1 (º)I '3 (·3-)I ] 

JC, = D.' ' l6 {; f3J (r' )0,0 + ~ ;ú ·;1 
{3J (r' )0.4 

(G. 13) 

and putting q' = -1 e I in lhe valucs of D.' aml D/ takcn from Tablc V, 
wc arrivc oncc more at thc valucs of ll,0 and lll lislcd in Tublc XIV. 

e. Cubic Potcnlial Operalors Erprcssed with Respccl to Othcr Choices of Axe.~ 

As mcnlioncd in Scction 2.c, iu some compounds thc cubic-crystal 
potcntial cnergy opcralor is requíred exprcssed wilh rcspecl to axcs other 
than thc fourf old axcs considcrcd above. Usíng Eqs. (2. 7) , (5.4), and ( 5.5) , 
wc can show lhat the operalors corresponding to thc potenlial cnergy of 
clcctrons of charge -1 e I in lhe field due lo charges in lhe various coordi­
nations will bc givcn by the cxprcssions below. Axes are chosen as in Sec­

tion 2.c. 
\\'hcn z is a twofold axis, 

whcre n.0<2> = ( - J /4) B.O and B6°m = ( -13/8) Be°; B.O and Ba° are the 
constants in thc fourfold-axcs Jlamillonian listcd in Tablc XIV for the 
thrce coordinalions. (This opcralor may also bc found from Eq. (6.11) 
and lhe transformatious givcn in Table XV.) 

\\' hen z is a thrccfold axis, 

x, = B,ori>[O.O - 2üv20,,Jm + B6°<a>[06° + (:35v2/4.)063 +V·OlJm, 

(ú.15) 

whcrc n,am = ( - 2/3) B,0 and B 6°m = ( 16/9) Bl; B,º and Bl are lhe 
conslanlH in lhe fourfold-axes Hamiltonian listcd in Table XIV for the 
lh r<;e coordinali0ns. 

ENEfiOY l,EVF:l,S OF' IONS IN CHYSTAI, F IF:r,ns 271 

TA nu: X V. TnAilóSYOrtMATION OP S1•1N Ül'~:ltATOH/l 0:-1 fiOTATION Of' TIi , A 

INTO TJH; Pf:ltl'El'WICULAll f>I.AN~; X?t SO TIIAT z' I\IAKF:S AN ANGI.F: tJ, \\"ITII z \ ,:D / ' :: 
1 A1tA1.1.F:1, ·ro z• 

l 3 o,• -, - -o,• - -o• 
2 2 

2 

o,• -• Go,• - ~o,•) cos 2,,, _ 2iO,• ai n 2,J, 

3 5 35 o,• -• -o,• + -o,• + -o,• 
R 2 8 

o,• _, ( - ~o,• - io,• + ~o,•) cos 2t1> + ,Go, 1 + ;o,•) sin 2,,, 

o,• -+ (~o.• - ~º•' + ~o,') C09 4,t, - i(O,1 - iO,•) ain 4ç, 

5 105 G3 231 o,• -, - -o,• - - 0,2 - -o,• - -0 , 
16 32 lG 32 ' 

O , ( 1 O O 17 2 3 , 33 ) (! g 3:J ) 
6 -+ iõ 6 + 32º' + wº' - 320,• COS 2,f, - 1 1º•' + sº•' + iº•' HÍn 2,t, 

O , ( l .5 13 11 ) (l 5 11 ) , -+ - -O,• - -O ' + O • O • · 
lG 32 • 16 • - 32 • co~ 4,f, + ' ;fJ.' + ;iº•' - 70,• sin 4,t, 

o•-(..!._o• i.so, 3 - l ) (3 s 3 ) 
' 16 • - 32 • + 160,• - 320,• cos GtJ, - í f• ' - t>•' + sº•' ,in CitJ, 

• Aílr.r D . A. Joncs ,J M Bnkcr d D F D p p 
249 (19.59) . ' · · • nn · · · opc, roe. Phy., . Soe. (Lon,Jon) 74, 

IV. Summory 

. To s~mmariz~, we_ illustrat? lhe differcnt mclhods of calculaling the 
crystal-flcld Ham1ltonian, and 1ts matrix clements by thc di·a 1 . 
· f," 4 T . . , gram s 1011 n 
111 

_' ig. · he method, using a Cartesian expansion is, however far t00 
tedwus to be uscd in practicc. ' 

Cryslalline 

"''"'~ 

Co,,.,;Mr~m~ 

Carlesian 1
00 

(x,y,z) 

which are relaled lo 

~ 
Oirecl integrorion 

~ 
Operalor equivalenl Molri, 

melhod elemenrs 
operator cquivalenls 

t Di'.ecr ,~'!IYI 
H . . /us,ng11,gner Cccfl,cien rs 

ormon,c e,press,on 
(tesserol hormonics or · · 

spher ico l hormonics) 

Fie. 4. Summary cliagram. 


